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Abstract
We study the reasonable requirements of two anomalous U(1)s in a flavored-axion framework for
the anomaly cancellations of both U(1)-mixed gravity and U(1)Y × [U(1)]2 which in turn determine
the U(1)Y charges where U(1)Y is the hypercharge gauge symmetry of the standard model. We
argue that, with a flavor symmetry group, axion-induced topology in symmetry-broken phases
plays crucial roles in describing how quarks and leptons are organized at a fundamental level and
make deep connections with each other. A unified model, as an example, is then proposed in a
simple way to describe a whole spectrum of particles where both flavored-axion interactions with
normal matter and the masses and mixings of fermions emerge from the spontaneous breaking of
a given symmetry group. Once a scale of active neutrino mass defined at a seesaw scale is fixed
by the commensurate U(1) flavored-PQ charge of fermions, that of QCD axion decay constant
FA is determined. In turn, fundamental physical parameters complementary to each other are
predicted with the help of precision flavor experiments. Model predictions are extracted on the
characteristics of neutrino and flavored-axion: FA = 3.57
+1.52
−1.53 × 1010 GeV (consequently, QCD
axion mass ma = 1.52
+1.14
−0.46 × 10−4 eV, axion to photon coupling |gaγγ | = 2.15+1.61−0.64 × 10−14GeV−1,
axion to electron coupling gAee = 3.29
+2.47
−0.98 × 10−14, etc.); atmospheric mixing angle θ23, Dirac CP
phase δCP , and 0νββ-decay rate for normal mass ordering and inverted one by taking quantum
corrections into account.
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I. INTRODUCTION
Symmetries have played a pivotal role in physics in general and particularly in quantum
field theory. The standard model (SM) as a low-energy effective theory has been very
predictive and well tested, due to the absence of one-loop SU(N) and U(1) gauge anomalies
and the symmetries satisfied by the theory - Lorentz invariance plus the GSM ≡ SU(3)C ×
SU(2)L × U(1)Y gauge symmetry in addition to the discrete space-time symmetries like P
(parity) and CP (charge-conjugation and parity). For all the success of the SM, however, it
leaves many open questions for the theoretical and cosmological issues that have not been
solved yet. It is widely believed that the SM should be extended to a more fundamental
underlying theory.
If nature is stringy, string theory, the only framework we have for a consistent theory with
both quantum mechanics and gravity, should give insight into all such fundamental issues.
String theory when compactified to four dimensions can generically contain gauged U(1)
plus non-Abelian symmetries. Furthermore, since the gauge invariance of the SM gauge
theory does not restrict the flavor structure of quark and lepton, additional (non)-Abelian
symmetries might be required [1–4]. Such additional symmetries may be hidden in our world,
but they should manifest themselves if we look at nature at a more fundamental level. From
that perspective, with an undisputed ansatz we can start:
All elementary fields that make up the Universe are charged under the gauge group
G0 = GSM ×Gf , (1)
where Gf stands for a newly introduced gauge group containing (non)-Abelian symmetries
as a copy of the SM gauge system. A theory based on Gf can naturally involve several,
but restricted by a flavor theory, symmetry breaking fields which play a messenger role in
links between elementary fields. We assume that from all the elementary fermions that
form a chiral set, reflecting none of them has a gauge-invariant mass term. Once we know
the quantum numbers of all elementary fields on G0 it is almost the same as knowing the
physics itself since there is a connection from nature to the specific numbers. Together with
gauge anomaly cancellation for the consistency of low-energy effective theory, an extended
theory under the ansatz (1) has the CPT (charge-conjugation, parity, and time-reversal)
invariance and general coordinate invariance. Since chiral fermions are the main ingredient
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of the extended theory, the gauged- and gravitational anomalies of gauged U(1)Xi (with
i = 1, 2, ...) and non-Abelian Gna symmetries are generically present, making the theory
inconsistent. Such anomalies, if present, must cancel when adding the contributions, due
to the various chiral fermions. Hence, finding missing pieces about symmetry and anomaly
may be the key to understanding the unsolved theoretical and cosmological issues [1–6].
Hence, two requirements needed for the extended theory under the ansatz (1) are there:
(i) For the presence of gauged U(1) symmetry, the anomaly of U(1)Y × [U(1)X ]2 whose
cancellation is not automatically guaranteed should be free, while the mixed anomalies
U(1)X × [GSMi ]2 could be canceled by the Green-Schwarz (GS) mechanism [7] where GSMi
is one of the factors of GSM. Once gauged U(1)s are introduced in an extended theory its
mixed gravitational anomaly should be free [8], or else it leads to an explicit breaking of the
gauge symmetry by gravitational interactions. It may require at least two U(1)s to make its
linear combination cancel each other in the presence of a chiral Majorana fermion as shown
in Refs. [2, 4], and then the global U(1)-mixed gravitational anomaly is also canceled by
the same diagrams due to the same tracing over U(1) representations. (ii) For gauged non-
Abelian symmetry, the mixed anomalies Gna× [GSMi ]2 and GSMi × [Gna]2 should be free, such
that one of candidates for Gna could be a new SU(2) that is supposed to be spontaneously
broken at a high energy limit and whose discrete subgroup can be used in describing flavor
theory at low energy, where such anomalies including Gna-mixed gravitational anomaly can
be free by matching the representations of particle content under SU(2) to those under
its discrete subgroup (with the Witten’s anomaly-free condition [9]). We assume that the
(non)-Abelian gauge symmetry inGf is spontaneously broken at some ultraviolet (UV) scale,
leaving behind its global subgroup. That is, at low energy, we have a surviving gauge theory
based on GSM, and besides the theory has a global symmetry group GF = U(1)×non-Abelian
finite symmetries (which is a subset of the gauge group Gf ). The charge of field content
under GF is hidden at low energy, which is indirectly inferred from physical observables since
the global symmetry acts on the physical observables. Then at low energy, it eventually
gives deep connections among different types of elementary fields due to the ansatz (1),
illuminating the hidden flavor structures with Nf generations well defined in the non-Abelian
discrete symmetry and thereby identifying the masses and mixings of the SM fermions and
the cosmological dark matter as an unexpected bonus, etc.
One goal of this paper is to investigate the reasonable requirements of two anomalous
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U(1)s for the anomaly cancellations of both U(1)-mixed gravity and U(1)Y × [U(1)]2 pro-
viding unique U(1)Y charges. Such anomaly cancellations require the presence of additional
fermions that make the seesaw mechanism [10] natural. At high energy limit of the theory
one can consider gauged U(1)X and U(1)Y symmetries since the global U(1)X originates
from gauged one. Then there exists a GS counter term to the U(1)Y × [U(1)X ]2 anomaly.
The 4D version of GS mechanism [11, 12] gives extra masses to the gauge bosons involved,
which is unacceptable for hypercharge. So, in order not to induce a mass term for the U(1)Y
gauge field its counter term has to vanish by assuming that the hypercharge field does not
couple to a closed string sector, and therefore the U(1)Y × [U(1)X ]2 anomaly should vanish
at high energy limit. Unlike Refs. [3, 4] where U(1)Y × [U(1)X ]2 anomaly cancellation is
not considered such that several choices of U(1)X quantum numbers for SM fields spectra
are there, in the present model the associated quantum numbers of the quark and lepton
fields can be uniquely determined by the anomaly cancellations of both U(1)Y × [U(1)X ]2
and U(1)X × [gravity]2. This will give rise to unique textures in the Yukawa matrices,
illuminating deep connection between the SM quark and charged-lepton flavor structures.
Along this line, the other goal, therefore, aims to establish model predictions on the QCD
axion mass and its photon coupling, and the unsolved observables in neutrino sector like the
atmospheric neutrino mixing angle and Dirac CP phase together with the mass orderings of
neutrino mass spectra, through constructing an explicit model based on the ansatz (1) with
those anomaly cancellations.
Under GSM×GF considering a general flavored-axion framework where flavored-PQ U(1)
symmetry is embedded in non-Abelian finite group [1–4]. The U(1)X invariance embedded
in a non-Abelian finite symmetry forbids renormalizable Yukawa interactions for the light
families except for top quark and some new additional SM gauge singlet fermions, but would
allow them through effective non-renormalizable Yukawa couplings suppressed by (F/Λ)n.
Here n is the positive integer and F called flavon stands for an SM gauge singlet scalar field
charged under GF . Then a set of flavon fields F act on dimension-four(three) operators
well-sewed by GF ×GSM with different orders [1–4, 13]
c˜1OP3 (F)1 +OP4
finite∑
n=0
cn
(F
Λ
)n
, with
1√
10
. |c˜1|, |cn| .
√
10 (2)
where OP4(3) is a dimension-4(3) operator, and all the coefficients cn and c˜1 are complex
numbers with absolute value of order unity. What the meaning of ‘finite’ in Eq. (2) is that
4
the number of operators is finite due to the entry fields charged under the GF × GSM,
while there could be an infinite number of higher-dimensional operators proportional to the
leading order terms, that yet gives tiny shifts in measurables below error bars. After a set of
flavon fields F that transform nontrivially under a non-Abelian finite symmetry get VEVs,
breaking spontaneously the so-called flavored-PQ symmetry U(1)X simultaneously, leads
to all Yukawa couplings being suppressed by (〈F〉/Λ)n and naturally triggers the seesaw
mechanism [10] and Peccei-Quinn (PQ) mechanism [14]. Here the scale of flavor dynamics
Λ, so-called Froggatt-Nielsen (FN) scale [15], above which there exists unknown physics, is
the UV cutoff of the new gauge symmetry G0-invariant effective theory. Such a fundamental
scale may come from where some string moduli are stabilized [2–5]. Moreover, in the flavored-
axion framework of Eq. (2), there remains no residual symmetry since the non-Abelian finite
symmetry is explicitly broken by higher-order effects in a given model. Hence there is no
room for a spontaneously broken discrete symmetry to give rise to a domain-wall problem,
as well as it can be protected from quantum-gravitational effects.
The rest of this paper is organized as follows. In the following section, we discuss the
model setup showing how flavor symmetry including the SM gauge symmetry originates and
study the reasonable requirements of two anomalous U(1)s in a flavored-axion framework
for the anomaly cancellations of both U(1)-mixed gravity and U(1)Y × [U(1)]2. In Sec. III we
construct an explicit model sewed by the flavor symmetry group GF together with the SM
gauge symmetry by arguing that axion-induced topology in symmetry-broken phases plays
crucial roles in describing how quarks and leptons are organized at a fundamental level
and make deep connections with each other. Consecutively, in Sec. IV, we show a whole
spectrum of quarks and leptons in a new parameterization way. And in Sec.V we show how
neutrino sector could be tightly connected to the quark and charged-lepton sectors, exploring
numerically what values of the Dirac CP phase and atmospheric mixing angle in the low-
energy neutrino oscillation and the effective Majorana neutrino mass (0νββ-decay rate)
can be predicted depending on the neutrino mass spectra through quantum corrections. In
Sec.VI, we show predictions on the characteristics of flavored-axions. In the final section, we
summarize our conclusions. In the Appendix, a desired vacuum configuration is considered.
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II. THE MODEL SETUP: ANOMALY AND SYMMETRY
Consider a gauge theory, as an example 1 for the origin of flavor symmetry including the
SM gauge symmetry, in a four-stack model G0 = U(3)×[U(2)]2×U(1) onD branes [12] where
four gauged U(1)s are generically anomalous. Since U(2) is isomorphic to SU(2) × U(1)
there are two SU(2) symmetries: one is responsible for the electroweak gauge symmetry
at low energy limit, while the other one for the flavor structure of quarks and leptons at
some high energy scale. If a U(2) symmetry is broken spontaneously at a high energy
limit, a flavor global symmetry GF is obtained as its subgroup when their heavy gauge
bosons corresponding to SU(2)H and U(1)R decouple at energy scale ΛSU(2)H ,U(1)R ≡ Λ,
so that G0 → SU(3)C × SU(2)L × U(1)Y × GF where the SU(2)L responsible for the SM
gauge symmetry that remains unbroken at this level and the global symmetry U(1)R in GF
originates from the gauged one. The symmetry GSM×GF is eventually broken spontaneously
down to GSM when a set of flavon fields develop VEVs, that is GSM × GF → GSM, where
the non-Abelian finite symmetry in GF is explicitly broken by higher-order effects in the
flavored-axion framework of Eq. (2).
a) Anomalies associated with the flavored SU(2)× U(1)s:
When the continuous gauge symmetry SU(2)H is spontaneously broken by a heavy scalar
VEV that leaves its subgroup unbroken, the flavor global symmetry GF contains the product
of a (discrete) subgroup of SU(2)H , for example
2, SL2(F3):
GF = SL2(F3)× U(1)X × U(1)R . (3)
Since there is the continuous gauge symmetry in G0 our consideration must satisfy the
anomaly cancellation-conditions as mentioned in Introduction, once the SL2(F3) is embed-
ded in the SU(2)H the anomaly diagrams linear in this SU(2)H , SL2(F3) × [GSMi ]2 and
GSMi × [SL2(F3)]2 anomalies, vanish due to SL2(F3) ⊂ SU(2)H if the particle content of a
given model satisfies complete SU(2)H representations
3. The group SL2(F3) is the smallest
1 There are some other examples in Refs. [16] realized in conventional SO(10) or SU(5) grand unified theory,
without considering the flavor hierarchy puzzles.
2 The double tetrahedral group, SL2(F3), is defined as the group of all 24 proper rotations in three dimen-
sions leaving a regular tetrahedron invariant in the SU(2) double covering of SO(3). We do not review
the group theory of SL2(F3), which is discussed in Ref. [17].
3 For example, see Table-I and -II where the singlet, doublet, and triplet representations of SL2(F3) corre-
spond to those of SU(2)H .
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with 1-, 2-, and 3-dimensional representations and the multiplication rule 2 ⊗ 2 = 3 ⊕ 1,
allowing for flavons that transform nontrivial singlet, doublet, and triplet, which can well
describe the present SM flavor puzzle associated with the leptonic and quark mixing angles
in the flavored-axion framework of Eq. (2) [3, 4]. Phenomenologically, 2⊕ 1 and 3 represen-
tation structures for quark and lepton fields are strongly supported by the Cabbibo angle
and large leptonic mixing angles, respectively [3, 4, 18].
With respect to the global U(1)R in Eq. (3) we set a chiral set to become vectorial (non-
anomalous): all elementary fields participating in a given theory could be arranged according
to the U(1)R and divided into groups according to their supercharge configurations in a
theory with supersymmetry, e.g. see Table-VI, -I, and -II.
A linear combination of three U(1)s contributes to two gauged U(1)s 4: For the anomaly
cancellation of U(1) × [gravity]2 since a Majorana sterile fermion with a single U(1) does
not meet, its anomaly could be canceled by another U(1) contribution [2] as mentioned in
Introduction. Hence, the flavored-PQ symmetry U(1)X could be composed of two anomalous
symmetries generated by the charges X1 and X2 [1–6]:
U(1)X ≡ U(1)X1 × U(1)X2 . (4)
According to the well-defined Kahler potential based on type-IIB string theory in Refs. [5, 6]
where three size moduli and one axion are stabilized with positive masses while leaving
two closed-string axions massless, there will be two closed-strings (aTi) and two open-string
axions (Ai) with i = 1, 2. Two linear combinations of the aTi and Ai fields are eaten by
two massive gauge bosons associated with the gauged U(1)Xi , and then after decoupling
the two massive gauge bosons the other two axionic directions survive to low energies as
flavored axions, leaving behind low energy symmetries which are anomalous global U(1)Xi
with i = 1, 2, see the details in Ref. [2]. The global U(1)X charges of the field contents of a
given theory must be commensurate through quantum anomalies such as U(1)× [gravity]2,
U(1)×[GSMi ]2, and U(1)Y×[U(1)]2. The spontaneous breaking of U(1)X realizes the existence
of the Nambu-Goldstone (NG) modes (flavored-axions) and provides an elegant solution to
4 Even the gauged U(1)s have Landau poles, since the elementary fermions charged under the U(1)s are
simultaneously charged under the GF flavor group ⊂ Gf , a cut-off (see Eq. (76)) well below the Landau
poles can be achieved in the flavored-axion framework of Eq. (2) where the scale of the Landau pole
is defined by the blowup of a coupling constant, preventing the poles from having observable physical
consequences.
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the strong CP problem [19]. Moreover, all forms of the mass hierarchy of quarks and leptons
are generated from the flavored-PQ symmetry [1].
Some flavons charged under SL2(F3) are simultaneously charged under the U(1)X group.
Once a flavon charged under SL2(F3)×U(1)X acquires a VEV, the flavor group GF is broken
and hidden, illuminating the flavor structure of mixing patterns and mass hierarchies of
quarks and leptons. Hence it is very crucial to find a vacuum configuration of flavon fields
in a given theory for a desirable flavor structure under GF , see example in Sec. IIIA.
b) Anomalies associated with the electroweak SU(2)L × U(1)Y :
At low energy theory, the hypercharge U(1)Y is the unique anomaly-free linear combination
of three U(1)s, which should not induce a Stuckelberg mass for U(1)Y gauge field [5, 6]. The
U(1)Y charge of the particle contents of a given theory is uniquely determined in a way that
a mixed anomaly between the hypercharge and U(1)X gauge fields U(1)Y × [U(1)]2 and the
mixed anomalies U(1)Y × [SU(2)L]2 and U(1)Y × [SU(3)C ]2 are canceled together with the
anomaly cancellation of U(1)× [gravity]2, which will be discussed.
Considering a Lagrangian for massless flavors which contains two anomalous axial U(1)
symmetries generated by the charges X1 and X2 in Eq. (4). A chiral set with respect to
each of the individual U(1)’s could become axial and vectorial for U(1)X , that is, U(1)X =
U(1)X˜ × U(1)V . Under the QCD instanton background, there remains one axial-vector
symmetry U(1)X˜ , while instead of the vector symmetry U(1)V a physical quantity between
U(1)Xi is used, see e.g. Eq. (13). Hence the U(1)X becomes pure axial symmetry. This
corresponds to the transformations [1, 2]
U(1)X˜ : ψf → eiγ5X˜ψf α/2ψf with X˜ψf = δG2 X1ψf + δG1 X2ψf , (5)
where α is a transformation parameter and X˜ψf is the charge of the representation under
the U(1)X˜ . Here δ
G
k is the QCD anomaly coefficient of the U(1)Xk × [SU(3)C ]2 defined
as δGk δ
ab = 2
∑
ψf
XkψfTr(T
aT b) in the QCD instanton backgrounds where the T a are the
generators of the representation of SU(3)C to which Dirac fermion belongs with X-charge.
If U(1)X˜ was spontaneously broken one would expect an NG boson (QCD axion). The axial
part of U(1)X which is a linear combination of U(1)Xi has a QCD anomaly U(1)X˜×[SU(3)C ]2
(with its color coefficient NC) towards the QCD axion direction from the phases of scalar
fields since each U(1)Xi is broken by its corresponding scalar field attaining VEV. Since the
SM fermions are at last massive after electroweak symmetry breaking, the U(1)X˜ could be
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interpreted as the QCD axion direction. Then the SM gauge group GSM becomes anomalous
when the background field associated with U(1)X˜ is turned on:
U(1)Y × [U(1)X˜ ]2 , U(1)X˜ ×
{
[SU(3)C ]
2, [SU(2)L]
2, [U(1)Y ]
2
}
. (6)
In addition to these, there are two more anomalies associated with the global U(1)X˜ :
U(1)X˜ × [gravity]2 , [U(1)X˜ ]3 . (7)
Thus the U(1)X˜ charge of the SM fermions leads in general to six different anomalies. The
SM fermions are massive due to their interactions with the Higgs field that acquires a VEV
and is responsible for the electroweak symmetry breaking. After the electroweak symmetry
breaking the symmetry SU(3)C × SU(2)L × U(1)Y is broken down to the low-energy gauge
group SU(3)C × U(1)EM . Below the weak scale, the anomalies [SU(2)L]2 × U(1)X˜ and
[U(1)Y ]
2 × U(1)X˜ merge to give the electromagnetic anomaly [U(1)EM ]2 × U(1)X˜ in the
gauge boson mass eigenstate basis. Hence, there remain five anomalies among six:
U(1)X˜ ×
{
[SU(3)C ]
2, [U(1)EM ]
2
}
, U(1)EM × [U(1)X˜ ]2 , U(1)X˜ × [gravity]2 , [U(1)X˜ ]3 .(8)
In what follows we will be discussing why the mixed anomaly U(1)Y × [U(1)X˜ ]2, the U(1)-
mixed gravitational anomaly, and the cubic anomaly [U(1)X˜ ]
3 should vanish at low-energy
theory, while the mixed U(1)X˜ × [GSMi ]2 anomalies are not necessarily required to vanish.
Firstly, there are two main reasons why the U(1)-mixed gravitational anomaly should
vanish in that the global U(1)X˜ originates from the gauged one as addressed in Ref. [2]. (i)
To consistently couple gravity to matter, it should vanish. (ii) Non-perturbative quantum
gravitational anomaly effects [20], leading to a non-conservation of the corresponding current
∂µJ
µ
X˜
∝ RR˜ where R is the Riemann tensor and R˜ is its dual, spoil the axion solution to
the strong CP problem. Thus in order for the breaking effects of the axionic shift symmetry
by gravity to disappear, the U(1)-mixed gravitational anomaly should vanish. The U(1)-
mixed gravitational anomaly U(1)X˜ × [gravity]2 must be equivalent to the sum of each of
the individual anomaly U(1)Xi × [gravity]2 (i = 1, 2) proportional to the trace of a single
charge since gravity does not experience any symmetry broken phase of the SM gauge the-
ory. The U(1)-mixed gravitational anomaly-free condition can be decomposed into quark
and lepton part, that is,
{
U(1)X˜ |quark + U(1)X˜ |lepton
} × [SO(4)]2. As shown in Refs. [2–
4], the non-vanishing anomaly coefficient of the quark sector
{
U(1)Xi × [gravity]2
}
quark
9
constrains the quantity
∑Nf
i Xψi in the gravitational instanton backgrounds (with Nf gen-
erations well-defined in a non-Abelian finite group, e.g.Nf = 3 in SL2(F3)), and in turn
whose quantity is congruent to the U(1)Xi × [SU(3)C ]2 anomaly coefficient δGi . The δGi with
respect to each of the individual U(1)’s is determined in a way that the anomaly coeffi-
cient of U(1)X1 × [graviy]2
∣∣
quark
is equal to that of U(1)X2 × [graviy]2
∣∣
quark
: for example,
once U(1)X˜ × [graviy]2
∣∣
quark
= 3[aX1δ
G
2 + bX2δ
G
1 ] with a, b being integers is given, δ
G
1 and
δG2 are determined to be aX1 and bX2, respectively. Then, the U(1)-mixed gravitational
anomaly-free condition can be expressed in terms of δGi
−6 δG1 δG2 = δG2 δL1 + δG1 δL2 , (9)
where δLk ≡
∑
ψi=lepton
Xkψi for lepton fields. The left and right of the above equation come
from the quark and lepton sector, respectively; the left part can be written in terms of
the color anomaly coefficient as “−3NC” (see Eq. (24)). Hence we refer to its anomaly-free
condition under the ansatz (1) as “flavor quantum number conservation”. Eq. (9) indicates
that the SM quarks can be deeply connected to the SM leptons as well as new fermions
which are SM gauge singlets.
Secondly, we discuss the anomaly cancellation of U(1)Y × [U(1)X˜ ]2. In order to see this,
one can weakly gauge the U(1)Xi symmetries at high-energy limit of the theory since each
global U(1)Xi originates from the gauged one [2, 5]. Then the anomalies between hypercharge
and two U(1) gauge fields appear already before SL2(F3)×U(1)X˜ symmetry breaking. The
anomaly coefficients of the mixed U(1)Y × [U(1)Xi ]2 and U(1)Y × U(1)Xi × U(1)Xj with
j 6= i = 1, 2 are given at high-energy limit of the theory, respectively, by
δXi = 2Tr[Q
Y
f (Xiψf )
2] , δXij = 2Tr[Q
Y
f XiψfXjψf ] . (10)
Considering, for example, the U(1)Y and U(1)Xi combined covariant derivative Dµ ⊃ ∂µ +
iY Bµ+ iXAµi in a UV theory, where Bµ and Aµi correspond to the U(1)Y and U(1)Xi gauge
fields, respectively, and their gauge couplings are absorbed into the associated gauge fields.
Then there exist GS counterterms to the U(1)Y × [U(1)Xi ]2 anomalies, and the hypercharge
field appears via a Stuckelberg mass coupling. In order not to induce a Stuckelberg mass
for the U(1)Y gauge field (see, for example, the effective action of Refs. [5, 6]), their counter
terms must vanish at high-energy limit. Hence, assuming that the hypercharge field does not
couple to the closed string sector which would induce a Stuckelberg mass for the hypercharge,
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it can not modify the GS anomaly cancellation mechanism. So, the U(1)Y × [U(1)X˜ ]2
anomaly in the spectrum after SL2(F3) × U(1)X˜ symmetry breaking should be removed
by the same diagrams as before SL2(F3) × U(1)X˜ symmetry breaking: in other words, the
U(1)Y × [U(1)X˜ ]2 anomaly has to vanish, whose condition is equivalently written as its
anomaly coefficient
AY ≡ 2
∑
ψf
(X˜ψf )
2QYf = 2
∑
i,j
αijTr[XiψfXjψfQ
Y
f ] = 0 , (11)
where αij can be expressed in terms of the QCD anomaly coefficient as α11 = (δ
G
2 )
2, α12 =
2δG1 δ
G
2 , and α22 = (δ
G
1 )
2. Here QEMf = I
f
3 + Q
Y
f (the electric charge Q
EM
f of a f -particle is
related to its isospin If3 and hypercharge Q
Y
f ). In effect, such anomaly-free condition severely
constrains the electromagnetic anomaly (see Eq. (32)) with its anomaly coefficient
E = 2
∑
ψf
X˜ψf (Q
EM
f )
2 . (12)
The anomaly-free condition of U(1)Y × [U(1)X˜ ]2 is associated with only the SM quarks
and charged-leptons, eventually illuminating a deep connection between the SM quark and
charged-lepton flavor structures.
Finally, we comment on that there may be no reason for the cubic anomaly [U(1)X˜ ]
3
calculated for the global symmetry U(1)X˜ itself to vanish at low energy limit. Since the
global U(1)X˜ originates from a UV gauge symmetry, its cubic anomaly should vanish at high
energy limit. Hence we assume that, by weakly gauging the two U(1)Xi their cubic anomalies
(consequently the cubic [U(1)X˜ ]
3 anomaly) should be cancelled by the GS mechanism [7] at
high energy limit (see also its related Ref. [5]), and after decoupling their gauge bosons
and their related fields there remains the cubic anomaly [U(1)X˜ ]
3 calculated for the global
symmetry U(1)X˜ itself at low energy limit.
Considering two anomalous U(1)s where the linear combination of two U(1)s becomes a
pure axial symmetry as in Eq. (5) while instead of the vectorial part of the other combination
a physical quantity between U(1)Xi is obtained. Then the scalar (flavon) fields F1 and F2
charged under U(1)X1 and U(1)X2 have VEVs 〈F1〉 and 〈F2〉, respectively, and their ratios
to the QCD axion direction and to the U(1)Xi flat direction could be expressed, respectively,
as [3, 4]
∇F1 =
∣∣∣X2 δG1
X1 δG2
∣∣∣∇F2 , ∇F ′i = const.×∇Fi , (13)
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with ∇Fi ≡ 〈Fi〉/Λ, meaning that the set of parameters expressed as the VEVs of flavons
charged under U(1)Xi are linearly dependent. Then, all the SM fermions including new
fermions are connected with each other through the relations Eqs. (9) and (13) in the
flavored-axion framework of Eq. (2). If the particle content of low energy theory is con-
strained under the flavor symmetry group GF together with the SM gauge symmetry GSM
in a flavored-axion framework, according to the above discussions the anomalies of both
U(1)Y × [U(1)]2 and U(1)× [gravity]2 should be canceled by enlarging particle content with
another U(1) contribution.
Using both the updated Weinberg value from Particle Data Group (PDG) [21] and the
bound from the ADMX (Axion Dark Matter eXperiment) experiment [22], respectively,
z ≡ m
MS
u (2GeV)
mMSd (2GeV)
= 0.47+0.06−0.07 , (gaγγ/ma)
2 ≤ 1.44× 10−19GeV−2eV−2 , (14)
where gaγγ and ma stand for QCD axion-photon coupling and QCD axion mass, respectively,
and z is the value in the MS scheme at a scale ≈ 2 GeV, a crucial criteria for modeling can
be extracted in terms of the ratio of electromagnetic anomaly coefficient E to color one NC
(see Eq. (68))
0 < E/NC < 4 . (15)
Eq. (15) directly indicates that some models giving E = 0 would be excluded, see Sec.VIC
and also footnote 7.
III. THE MODEL AS AN EXAMPLE
We set up an explicit model with Eq. (2) sewed by GF in Eq. (3) and which generically con-
tains several, but restricted by the flavor model, scalar fields under the ansatz (1). Modeling
based on GF ×GSM considers the followings: (a) the flavor symmetry GF is spontaneously
broken at energies much above the electroweak scale, which requires a desired vacuum con-
figuration to depict the hierarchy of quark and charged-lepton masses and mixings, as well
as to implement a flavored seesaw 5 mechanism for the active neutrino masses and mixings,
5 Here the flavored-seesaw is referred to as the seesaw in the flavored-axion framework of Eq. (2) that makes
several associated parameters compact.
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(b) in the flavored-axion framework of Eq. (2), the flavored-PQ symmetry U(1)X embedded
in SL2(F3) provides flavored-axion interactions with quarks and leptons as well as a neat
solution to the strong CP problem and its resulting QCD axion as a dark matter candi-
date, and (c) both U(1)-mixed gravitational and U(1)Y × [U(1)]2 anomalies are canceled by
Eqs. (9) and (11).
A. Vacuum configuration
We need to account for the vacuum configuration of flavon fields, which are responsible
for the spontaneous breaking of a new flavor symmetry GF in Eq. (3). After the flavor
symmetry breaking, there appear associated dimensionless parameters 〈F〉/Λ in Eq. (2) in
the effective Yukawa structures of the low-energy theory. Then the observed hierarchy of
fermion masses and mixing angles (in the Cabbibo-Kobayashi-Maskawa (CKM) for quark
mixings and Pontecorvo-Maki-Nakagawa-Sakata (PMNS) for leptonic mixings) should be
explained by the effective Yukawa structures where the VEVs of flavon fields having U(1)X
charges make a connection in each Yukawa structure through Eq. (13). The details on flavon
and driving fields configurations, which are overlapped with Refs. [3, 4], and the vacuum
configuration of flavon fields are presented in AppendixA.
The global minima of the potential of Eq. (A1) reads from Eqs. (A4, A6, A8) at leading
order
〈ΦT 〉 = vT√
2
(1, 0, 0) , 〈ΦS〉 = vS√
2
(1, 1, 1) , 〈η〉 = vη√
2
(1, 0) ,
〈Ψ〉 = 〈Ψ˜〉 = vΨ√
2
, 〈Θ〉 = vΘ√
2
, 〈Θ˜〉 = 0 , (16)
where 〈η〉 ∼ (+1, 0) has been taken. The VEVs of Eq. (16) can be corrected by higher-
dimensional operators, see Eqs. (B14, B21) in AppendixB. Since the ΦS,Θ,Ψ(Ψ˜) fields are
charged under U(1)X we set the decomposition of complex scalar fields [1–4] as follows
ΦSi =
e
i
φS
vS√
2
(vS + hS) , Θ =
e
i
φθ
vΘ√
2
(vΘ + hΘ) ,
Ψ = vΨ√
2
e
i
φΨ
vg
(
1 + hΨ
vg
)
, Ψ˜ =
v
Ψ˜√
2
e
−iφΨ
vg
(
1 +
h
Ψ˜
vg
)
, (17)
in which we have set ΦS1 = ΦS2 = ΦS3 ≡ ΦSi and hΨ = hΨ˜ in the SUSY limit, and
vg =
√
v2Ψ + v
2
Ψ˜
. And the NG modes A1 and A2 are expressed as
A1 =
vS φS + vΘ φθ
vF
, A2 = φΨ (18)
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with the angular fields φS, φθ and φΨ, where vF = vΘ
√
1 + κ2. All the VEVs of Eq. (16)
breaking GF are correlated with one another and they can be determined together with FN
scale in a simple way to describe flavor structures which will be seen in the following.
B. Yukawa superpotentials and Anomaly coefficients
Now let us impose SL2(F3) × U(1)X quantum numbers to the SM quarks and leptons
including SM gauge singlet Majorana neutrinos with U(1)R = +1, summarized in Table-I
and -II 6, in a way that their quantum numbers satisfy both conditions of Eqs (9) and (11),
which are different from those of Refs. [3, 4], as well as their masses and mixings are well
described.
TABLE I: Representations of the quark fields under GSM × SL2(F3) × U(1)X with U(1)R = +1
and U(1)X ≡ U(1)X1 × U(1)X2 . In (Q1,Q2)Y of GSM, Q1 and Q2 are the representations under
SU(3)C and SU(2)L respectively, and the script Y denotes the U(1) hypercharge.
Field Q1 Q2 Q3 Dc bc U c tc
GSM (3, 2)1/6 (3, 2)1/6 (3, 2)1/6 (3, 1)1/3 (3, 1)1/3 (3, 1)−2/3 (3, 1)−2/3
SL2(F3) 1 1
′ 1′′ 2′ 1′ 2′ 1′
U(1)X −3X1 − 2X2 −2X1 − 3X2 0 2X1 − 2X2 −2X2 2X1 + 10X2 0
Under SL2(F3) × U(1)X , we assign the left-handed quark SU(2)L doublets denoted as
Q1, Q2 and Q3 to the (1,−3X1 − 2X2), (1′,−2X1 − 3X2) and (1′′, 0), respectively, while
the right-handed up-type quark SU(2)L singlets are assigned as U c = {uc, cc} and tc to
the (2′, 2X1 + 10X2) and (1′, 0), respectively, and the right-handed down-type quarks Dc =
{dc, sc} and bc to the (2′, 2X1 − 2X2) and (1′,−2X2), respectively. Note that the first and
second generation of right-handed quarks are assigned as SL2(F3) doublet fields so as to give
a relatively large Cabbibo angle λ ≡ sin θC ≈ 0.225. Then the U(1)Xi × [SU(3)C ]2 anomaly
coefficient reads
δGi = 2
(
XiQ1 +XiQ2 +XiQ3 +XiDc +XiUc
)
+Xibc +Xitc , (19)
6 All fields appearing in Table-I and -II are left-handed particles/antiparticles.
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leading to
δG1 = −2X1 , δG2 = 4X2 . (20)
Under GSM × SL2(F3)× U(1)X with U(1)R = +1, quark fields are sewed by the four repre-
sentations 1, 1′, 1′′, and 2′ of SL2(F3) whose singlets and doublet match up with the singlet
and doublet of SU(2)H representations, respectively, as in Table-I. The Yukawa superpoten-
tial for up-type and down-type quark sectors invariant under GSM × GF is sewed through
Eq. (2), respectively, as
W uq = yˆt t
cQ3Hu + yc (ηU c)1′′Q2Hu
Λ
+ y˜c [(ηU c)3ΦT ]1′′Q2Hu
Λ2
+ y¯u [(ηU c)3ηη]1Q1Hu
Λ3
+ yu [(ηU c)3ΦS]1Q1Hu
Λ2
+ a term replaced by (yu → y˜u with ΦS → ΦT ) , (21)
W dq = yb b
cQ3Hd + ys (ηDc)1′′Q2Hd
Λ
+ Ys b
cQ2(ΦSΦS)1′
Hd
Λ2
+ Yd b
cQ1(ΦSΦS)1′′
Hd
Λ2
+ yd [(ηDc)3ΦS]1Q1Hd
Λ2
+ three terms replaced by (Ys → Y˜s; Yd → Y˜d; yd → y˜d with ΦS → ΦT ) . (22)
In the above superpotentials the top quark operator is only renormalizable, leading to the
top quark mass as the pole mass. The other higher-dimensional operators driven by ΦT and
η fields can be absorbed into the leading terms and redefined. According to the quantum
numbers of the matter field contents as in Table-I, the Yukawa couplings of quarks are
visualized as function of the SM gauge-singlet flavon fields Ψ(Ψ˜) and/or Θ(ΦS), except for
the top Yukawa coupling, see the details in Sec. IV.
Below the U(1)X group breaking scale, the effective interaction of QCD axion with the
gluon field strength tensor Gaµν (here a is an SU(3)-adjoint index) and its dual G˜
a
µν are
expressed via the chiral rotation of Eq. (5) as [1–4]
LAg =
( A1
Fa1
+
A2
Fa2
) g2s
32π2
GµνaG˜aµν ≡
A
FA
g2s
32π2
GµνaG˜aµν , (23)
where Fai = fai/δ
G
i (i = 1, 2), FA is the QCD axion decay constant, A is the QCD axion field,
and gs stands for the gauge coupling constant of SU(3)C . Here the color anomaly coefficient
of U(1)X˜ × [SU(3)C ]2 defined as NC ≡ 2Tr[X˜ψfT 2SU(3)C ] = 2δG1 δG2 reads from Eq. (20) as
NC = −16X1X2 . (24)
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Note that U(n) generators (n ≥ 2) are normalized according to Tr[T aT b] = δab/2. And the
QCD axion decay constant is given by
FA =
fA
NC
=
fai√
2 δGi
with i = 1, 2 , (25)
where fA =
√
2 δG2 fa1 =
√
2 δG1 fa2 with fa1 = |X1|vF and fa2 = |X2|vg is used. The U(1)Xi
is broken down to its discrete subgroup ZNi in the backgrounds of QCD instanton, and the
quantities Ni (nonzero integers) associated to the axionic domain-wall are given by [3, 4]
N1 =
∣∣∣ δG1
X1/2
∣∣∣ , N2 = ∣∣∣ δG2
X2
∣∣∣ . (26)
Taking X1 = 1 and X2 = 1 gives N1 = 2|δG1 | = 4 and N2 = |δG2 | = 4. There exists Z4
discrete symmetry and therefore four domain-walls (that are not topologically stable) at the
QCD phase transition, meaning that the scale of GF breakdown should occur during (or
before) cosmic inflation 7, see Eq. (72).
Next we turn to the lepton sector fields charged under GSM × SL2(F3) × U(1)X with
U(1)R = +1. Taking into account the active neutrino mass is generated by the seesaw
mechanism [10] and the large leptonic mixing pattern [21] is generated by the given GF sym-
metry. Under SL2(F3)× U(1)X , we assign the left-handed charged lepton SU(2)L doublets
denoted as L to the (3, X1L+X2L), while the right-handed charged leptons denoted as e
c, µc
and τ c, the electron flavor to the (1, X1ec +X2ec), the muon flavor to the (1
′′, X1µc +X2µc),
and the tau flavor to the (1′, X1τc +X2τc). Then the requirement of the U(1)Y × [U(1)X˜ ]2
anomaly-free condition (11) reads
δX1 + (δ
G
1 /δ
G
2 )
2δX2 + 2(δ
G
1 /δ
G
2 )δ
X
12 = 0 , (27)
where
δX1 = 2
{
(X1Q1)
2 + (X1Q2)
2 + 2(X1Dc)
2 + (X1bc)
2
− 4(X1Uc)2 − 3(X1L)2 + (X1ec)2 + (X1µc)2 + (X1τc)2
}
,
7 Two massless axions coupled to GµνaG˜aµν arise when U(1)Xi global symmetries (i = 1, 2) are sponta-
neously broken, which have variations on cosmological distances. Quantum fluctuations during inflation
are imprinted into two massless axions, which can lead to observable signatures in cosmic microwave
background radiation temperature fluctuation as the form of density perturbation when the quantum
fluctuations are crossing back inside the Hubble radius long after inflation has been completed.
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δX2 = 2
{
(X2Q1)
2 + (X2Q2)
2 + 2(X2Dc)
2 + (X2bc)
2
− 4(X2Uc)2 − 3(X2L)2 + (X2ec)2 + (X2µc)2 + (X2τc)2
}
,
δX12 = 2
{
X1Q1X2Q1 +X1Q2X2Q2 + 2X1DcX2Dc +X1bcX2bc
− 4X1UcX2Uc − 3X1LX2L +X1ecX2ec +X1µcX2µc +X1τcX2τc
}
.
Meanwhile, in order to satisfy the anomaly-free condition (9) of U(1)X × [gravity]2 we
introduce sterile neutrinos which would interact with particles through the gravitational
force – a force that acts on mass alone – and their masses are heavy and/or light (see
Refs. [2–4]). The heavy Majorana right-handed neutrino mass is responsible for the seesaw
mechanism [10]. Under SL2(F3)×U(1)X we assign the right-handed heavy neutrinos SU(2)L
singlets denoted asN c to the (3,−X1/2) while additional right-handed light neutrino SU(2)L
singlet denoted as Sc to the (1, X2Sc), which guarantees the absence of Yukawa terms S
cN cF
and LScHu(F/Λ)n (n = 0, 1, 2, ..), such as LηηScHu/Λ2, due to X1Sc = 0. Then the
U(1)X˜ × [gravity]2 anomaly-free condition reads
NC
2
(
6 +
δL1
δG1
+
δL2
δG2
)
= 0 , (28)
where the quantities δLi associated with leptons
δLi = 6(XiL) +Xiec +Xiµc +Xiτc + 3XiNc +XiSc (i = 1, 2) .
Together with the given quantum number of quarks in Table-I, taking into account the
anomaly cancellations of both U(1)Y × [U(1)X ]2 and U(1)X × [gravity]2 of Eqs. (27, 28) and
the observed mass hierarchies of charged leptons, we find a U(1)X quantum number of lepton
fields L: −X1/2+6X2, ec: X1/2−20X2, µc: −X1/2−10X2, τ c: X1/2−7X2, and Sc: −43X2,
whose quantum number is uniquely determined differently from those of Refs. [3, 4]. And the
quantum number of lepton fields is summarized in Table-II. Under GSM× SL2(F3)×U(1)X
with U(1)R = +1, lepton fields are sewed by the four representations 1, 1
′, 1′′, and 3 of
SL2(F3) whose singlets and triplet match up with the singlet and triplet of SU(2)H adjoint
representations, respectively, as in Table-II. As discussed in Refs. [1, 2, 4], with the condition
of U(1)X-[gravity]
2 anomaly cancellation new additional Majorana fermion Sc besides the
heavy Majorana neutrinos can be introduced in the lepton sector. In compliance with Table-
II via Eq. (2), the Yukawa superpotential for charged-lepton and neutrino sectors invariant
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TABLE II: Representations of the lepton fields under GSM × SL2(F3) × U(1)X with U(1)R = +1
and U(1)X ≡ U(1)X1 × U(1)X2 . In (Q1,Q2)Y of GSM, Q1 and Q2 are the representations under
SU(3)C and SU(2)L respectively, and the script Y denotes the U(1) hypercharge.
Field L ec µc τ c N c Sc
GSM (1, 2)−1/2 (1, 1)1 (1, 1)1 (1, 1)1 (1, 1)0 (1, 1)0
SL2(F3) 3 1 1
′′ 1′ 3 1
U(1)X
1
2X1 − 7X2 −12X1 − 6X2 −12X1 + 12X2 −12X1 + 6X2 −12X1 6X2
under GSM ×GF reads at leading order
Wℓ = yτ τ
c(LΦT )1′′
Hd
Λ
+ yµ µ
c(LΦT )1′
Hd
Λ
+ ye e
c(LΦT )1
Hd
Λ
, (29)
Wν = yν(LN
c)1Hu +
1
2
(yˆΘΘ+ yˆΘ˜Θ˜)(N
cN c)1 +
yˆR
2
(N cN c)3ΦS
+
1
2
ys S
cScΦT
ΦT
Λ
+ y˜ν(LN
cΦT )1
Hu
Λ
+
1
2
yˆr
Λ
(N cN cΦS ΦT )1 +
1
2
yˆχ
Λ
(N cN c)3ΦT + ... (30)
In the above charged-lepton Yukawa superpotential Wℓ, it has three independent Yukawa
terms at the leading: apart from the Yukawa couplings, each term involves flavon field ΦT
and does not allow the interchange between ΦT and ΦS. The next leading order contributions
such as ℓcLHd ηη/Λ
2 (ℓ = e, µ, τ) to the charged-lepton mass matrix are negligible due to
the VEV alignment Eq. (16).
In the neutrino Yukawa superpotential Wν , there are two renormalizable terms for the
right-handed neutrino N c, which implement the seesaw mechanism by making the VEV 〈Θ〉
(= 〈ΦS〉/κ) large. In Eq. (30) dots represent higher-order terms triggered by the fields ΦT
and/or η, and especially the contribution induced by the η field such as (LN cηη)1Hu/Λ
2 is
neglected due to the VEV alignment (16). As addressed in above Eq. (28), the SL2(F3) ×
U(1)X quantum number of Table-II guarantees the absence of the Yukawa terms S
cN cF
and LScHu(F/Λ)n (n = 0, 1, 2, ...) while the latter is allowed in Ref. [4]. Consequently, one
Dirac neutrino mass term associated with N c is generated, while two Majorana mass terms
associated with N c and Sc are generated. Besides, the flavored PQ symmetry U(1)X forbids
the renormalizable Yukawa term N cN cΦT and does not allow the interchange between ΦT
and ΦS both of which transform differently under U(1)X . Due to the higher-dimensional
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operators, there remain no residual symmetries 8. The details on how the active neutrino
mass and mixing are predicted under this model will be presented in Sec.V.
Below the U(1)X group breaking scale (equivalent to the seesaw scale) the effective in-
teractions of QCD axion with the electroweak and hypercharge gauge bosons and with the
photon are expressed through the chiral rotation of Eq. (5), respectively, as
LWYA =
A
fA
1
32π2
{
g2W NW W
µνW˜µν + g
2
Y NY Y
µνY˜µν
}
, (31)
LγA =
A
fA
e2
32π2
E F µνF˜µν , (32)
where gW , gY , and e stand for the gauge coupling constant of SU(2)L, U(1)Y , and U(1)EM ,
respectively; their corresponding gauge field strengths W µν , Y µν , and F µν with their dual
forms W˜µν , Y˜µν , and F˜µν , respectively. Here NW ≡ 2Tr[X˜ψfT 2SU(2)] and NY ≡ 2Tr[X˜ψf (QYf )2]
are the anomaly coefficients of U(1)X˜×[SU(2)L]2 and U(1)X˜×[U(1)Y ]2, respectively. And the
electromagnetic anomaly coefficient E of U(1)X˜ × [U(1)EM ]2 defined in Eq. (12) is explicitly
expressed as
E = NW +NY
=
10
3
(X˜Q1 + X˜Q2) +
16
3
X˜Uc +
4
3
X˜Dc +
2
3
X˜bc + 6X˜L + 2(X˜ec + X˜µc + X˜τc) . (33)
Recalling that X˜ψf = δ
G
2 X1ψf + δ
G
1 X2ψf in Eq. (5), Eq (33) leads to E = −128X1X2/3.
With the given field contents in Table-I and -II satisfying Eqs. (9, 11, 15) a unique pre-
diction 9 is derived from Eqs. (24, 33) as
E
NC
=
8
3
, (34)
which is consistent with the predictions of the simplest Dine-Fischler-Srednicki-Zhitnitsky
(DFSZ) axion models [23], making it different from those in Refs. [3, 4]. This predictive value
in the flavored axion model is very crucial to determine the QCD axion to photon coupling
8 Clearly, the flavor symmetry SL2(F3) is broken down to its subgroup: at the leading order, the charged-
lepton mass terms and the Dirac neutrino mass terms containing N cL are invariant under the subgroup
GT , while the Majorana mass terms containing N
cN c are invariant under the subgroup GS .
9 Another possible case is there: in lepton sector L: X1/2 + 6X2, e
c: −X1/2− 20X2, µc: −X1/2− 13X2,
τc: −X1/2 − 4X2, and Sc: −35X2, and in quark sector Q1: −2X1 − 6X2, Q2: −X1 − 7X2, Q3: 0, Uc:
X1+13X2, t
c: 0, Dc: X1+2X2, and bc: −X1+2X2 . This case clearly gives E/NC = 0, which is consistent
with the prediction of the Kim-Shifman-Vainshtein-Zakharov (KSVZ) axion models [24]. According to
Eq. (14), however, this case would be excluded.
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of Eq. (68), if QCD axion mass is fixed via the masses of active neutrinos with the help of
hints from astro-particle constraints, e.g. Eq. (75) and Refs. [1, 4].
IV. QUARK AND CHARGED-LEPTON: MASSES AND MIXINGS
Let us discuss a realization of quark and charged-lepton masses and mixings in which their
physical mass hierarchies are directly responsible for the assignment of U(1)X quantum num-
bers, satisfying the anomaly cancellations of both U(1)Y × [U(1)X ]2 and U(1)X × [gravity]2.
Since the Yukawa interactions of Eq. (2) realized under GF are responsible for the fermion
masses they must be related in a very simple way at a scale much higher than the electroweak
scale via Eq. (13).
The relevant quark and charged-lepton interactions with their chiral fermions are given
by
−Lq = quRMu quL + qdRMd qdL + ℓRMℓ ℓL +
g√
2
W+µ q
u
Lγ
µ qdL + h.c. , (35)
where g is the SU(2)L coupling constant, q
u = (u, c, t), qd = (d, s, b), and ℓ = (e, µ, τ).
A. Quark
With the VEV directions in Eq. (16) the mass matrices Md and Mu for down- and up-
type quarks 10 in the above Lagrangian (35) are described in terms of ∇Q ≡ vQ/(
√
2Λ) with
Q = η, S, T,Θ,Ψ, Ψ˜, respectively:
Md = R˜


(iyd∇S + y˜d∇T )∇η 0 0
1−i
2
yd∇η∇S ys∇η 0
(3Yd∇T + Y˜d∇T )∇S (3Ys∇S + Y˜s∇T )∇S yb

L˜ vd . (36)
Mu =


(iyu∇S + iy˜u∇T − y¯u∇2η)∇η ei(
A1
vF
−8A2
vg
)
0 0
1−i
2
yu∇S∇η ei(
A1
vF
−8A2
vg
)
(yc +
1−i
2
y˜c∇T )∇η e−7i
A2
vg 0
0 0 yˆt

vu , (37)
10 The quark sector has VEV corrections by Eqs. (B14, B21) where the new VEV of 〈ΦS〉 gives corrections to
the mass matrices but below the few-percent level and all other corrections by the new VEVs are absorbed
into the leading order terms and redefined.
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Here vd ≡ 〈Hd〉 = v cos β/
√
2, vu ≡ 〈Hu〉 = v sin β/
√
2 with v ≃ 246 GeV and
C˜ = Diag.
(
e
i(C1d
A1
vF
+C2d
A2
vg
)
, e
i(C1s
A1
vF
+C2s
A2
vg
)
, e
i(C1b
A1
vF
+C2b
A2
vg
))
with C = L,R , (38)
where (R1d = R1s = 0, R2d = R2s = 5, R1b = 2, R2b = 5) and (L1d = 1, L2d = −1,
L1s = L2s = 0, L1b = −2, L2b = −3). The X-charge of quarks 11 corresponds to X1u = −X1,
X1c = 0, X1t = 0, X1d = −X1, X1s = 0, X1b = 0, X2u = 8X2, X2c = 7X2, X2t = 0,
X2d = −4X2, X2s = −5X2, X2b = −2X2. Plugging the VEVs of U(1)X charged flavons in
Eq. (16) into Eq. (13) one obtains the flavor structure relation
∇Θ = 1
κ
∇S =
∣∣∣X2δG1
X1δG2
∣∣∣
√
2
1 + κ2
∇Ψ . (39)
The Yukawa couplings in the above mass matrices are simply expressed through Eq. (39):
for up-type quarks
yu = yˆu∇8Ψ , yc = yˆc∇7Ψ , y˜c = yˆc˜∇7Ψ , y˜u = yˆu˜∇Θ∇8Ψ , y¯u = yˆu¯∇Θ∇8Ψ , (40)
and for down-type quarks
yd = yˆd∇4Ψ˜ , ys = yˆs∇5Ψ˜ , Ys = Yˆs∇5Ψ , yb = yˆb∇2Ψ˜ ,
Yd = Yˆd∇Θ∇4Ψ , Y˜d = Yˆd˜∇2Θ∇4Ψ , y˜d = yˆd˜∇Θ∇4Ψ , Y˜s = Yˆs˜∇Θ∇5Ψ , (41)
where Yˆd˜ = Yˆd1 + 3κ
2Yˆd2 and 1/
√
10 . |yˆ|, |Yˆs|, |Yˆs˜|, |Yˆd|, |Yˆdi| .
√
10. The quark mass
matricesMu in Eq. (37) andMd in Eq. (36) generate the up- and down-type quark masses:
M̂u = V u†R Mu V uL = diag(mu, mc, mt) , M̂d = V d†R Md V dL = diag(md, ms, mb) . (42)
Then V fL and V
f
R can be determined by diagonalizing the matrices forM†fMf andMfM†f
(f = u, d) [25], respectively, indicated by Eqs. (37) and (36). Then the CKM mixing matrix
VCKM ≡ V uL V d†L is generated via the charged quark-current term in Eq. (35). The physical
structure of the up- and down-type quark Lagrangian should match up with the empir-
ical results calculated from the Particle Data Group (PDG) [21] and calculated from the
CKMfitter [26]. The details on the quark masses and mixings are presented in Sec. C.
11 Here the X-charge Xq is defined in the form of axion to the SM matter field interactions −Laqℓ =∑
k=1,2
(
Ak
fak
∑
q=u,d,...Xqkmq q¯iγ5q +
Ak
fak
∑
ℓ=e,µ,..Xℓkmℓℓ¯iγ5ℓ
)
.
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As expected in the ansatz (1) and explicitly shown in Eqs. (C2, C4, C5, C8), all parameters
in the quark sector are correlated with one another. Hence it is very crucial for excavating
values of the new expansion parameters in Eq. (39) to reproduce the empirical results of the
CKM mixing angles in Eq. (C10) and quark masses in PDG. Moreover, such parameters are
also tightly correlated with those in the lepton sector, so finding the values of the parameters
are crucial to producing the empirical results of the charged leptons and the light active
neutrino masses (see below Eq. (43) and below Eq. (57)).
B. Charged-lepton
In the charged-lepton superpotential (29), the interchange between ΦT and ΦS is not
allowed, and hence it is expected that charged-lepton mass matrix does not have off-diagonal
entries, and in turn, the flavored-axion mixing with charged-leptons is negligible at leading
order 12. With the help of the vacuum alignment (16) the charged-lepton mass matrix in the
Lagrangian (47) is written as
Mℓ =


ye e
13i
A2
vg 0 0
0 yµ e
−5iA2
vg 0
0 0 yτ e
i
A2
vg

vd , (43)
where ye = yˆe∇13Ψ , yµ = yˆµ∇5Ψ, and yτ = yˆτ ∇Ψ. The X-charge of the charged leptons reads
X1e = X1µ = X1τ = 0, X2e = −13X2, X2µ = 5X2, and X2τ = −X2. Their corresponding
masses after electroweak symmetry breaking are given by
me = yˆe∇13Ψ∇T vd , mµ = yˆµ∇5Ψ∇T vd , mτ = yˆτ ∇Ψ∇T vd . (44)
Here the hat Yukawa couplings of charged-lepton sector can be fixed by the numerical values
of ∇T , ∇Ψ, and tan β obtained from the quark sector, and vice versa.
12 The vacuum corrections of Eqs. (B14, B21) to the superpotential (29) including the next leading order
terms ℓcLHd ηη/Λ
2 with ℓ = e, µ, τ do not make off-diagonal entries and they are absorbed into the
leading order terms and redefined.
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C. Numerical analysis for quark and charged-lepton masses and CKM mixings
All elementary fields are charged under the ansatz (1) and they have deep connections
among different types of elementary fields each other. On this account, their corresponding
parameters, κ, tan β, ∇T , ∇η, ∇S, ∇Ψ, |yˆi|, and arg(yˆi), are connected each other as already
shown in Eqs. (C2, C4, C5, 44) (and Eqs. (57, 60) for neutrino sector) analytically. The
Yukawa matrices in Eqs. (36, 37, 43) of SM charged-fermions are taken at the scale of GF
symmetry breakdown. Hence their masses are subject to quantum corrections. Then the
Yukawa matrices are run down to mt and diagonalized. But, we assume that the Yukawa
matrices renormalized at the scale of GF breakdown are equal to those at scale mt since it
is expected that there is no sizable one-loop RG running effect on the observables for the
hierarchical mass spectra. The low-energy Yukawa couplings for experimental values are
extracted from the physical masses and the mixing angles compiled by the PDG [21] and
the CKMfitter [26], respectively.
We perform a numerical simulation 13 using the linear algebra tools of Ref. [35]. With the
inputs
tanβ = 8.530 , κ = 0.460 , (45)
and |yˆd| = 0.512 (φd = 1.647 rad), |yˆs| = 0.453 (φs = 0), |yˆb| = 0.763 (φb = 0), |yˆu| = 0.330
(φu = 2.480 rad), |yˆu˜| = 1.000 (φu˜ = 6.120 rad), |yˆu¯| = 0.660 (φu¯ = 3.020 rad), |yˆc| = 2.480
(φc = 0), |yˆc˜| = 1.760 (φc˜ = 1.000 rad), |yˆt| = 1.002 (φt = 0), |Yˆd| = 0.540 (φYd = 5.160 rad),
|Yˆd˜| = 0.680 (φYd˜ = 1.220 rad), |Yˆs| = 2.900 (φYs = 3.340 rad), |Yˆs˜| = 2.500 (φYs˜ = 2.760
rad), leading to
∇Ψ = 0.520 , ∇S = 0.154 , ∇T = 0.140 , ∇η = 0.270 , (46)
we obtain the mixing angles and Dirac CP phase θq12 = 13.054
◦, θq23 = 2.331
◦, θq13 = 0.222
◦,
δqCP = 65.551
◦ compatible with the 3σ Global fit of CKMfitter [26], see Eq. (C10); the quark
masses md = 4.661 MeV, ms = 96.706 MeV, mb = 4.182 GeV, mu = 2.164 MeV, mc = 1.271
GeV, and mt = 173.1 GeV compatible with the values in PDG [21]. Note that as seen
13 In numerical calculation, we only consider the mass matrices in Eqs. (36, 37, 43), which are leading order
terms, since it is expected that the corrections to the VEVs due to higher-dimensional operators are below
the few-percent level. And once RG running effect is considered, the input values can be tuned.
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in Eq. (C7) and footnote-12, the Dirac CP phase δqCP analytically depends on the phases
(φs, φYd, φYd˜, φYs, φYs˜, φd) and (φc, φc˜, φu) from down- and up-type quark sector, respectively,
at leading order. And also, φd is fixed by both md and θ
q
12; (φu, φu˜, φu¯), (φYd, φYd˜), and
(φYs, φYs˜) are important to fix mu, θ
q
13, and θ
q
23, respectively; without loss of generality, we
have set φs = 0 for the above numerical calculation.
For the charged-leptons Eq. (44), together with the above numerical results of quark
sector, if we set yˆe = 1.128, yˆµ = 0.981, and yˆτ = 1.205, the results reading me = 0.511
MeV, mµ = 105.683 MeV, mτ = 1776.86 MeV lie in the empirical one in PDG [21].
V. NEUTRINO
The recent analysis based on global fits [27–29] of the neutrino oscillations enters into a
new phase of precise determination of mixing angles and mass squared differences, while they
still show large uncertainties on the atmospheric mixing angle and Dirac-CP phase. The
seesaw mechanism does naturally work well in a framework based on non-Abelian×flavored-
U(1) symmetries. Then the flavored-seesaw under the ansatz (1) that makes compact several
associated parameters can give predictions on the atmospheric mixing angle and Dirac-CP
phase.
The flavor symmetry U(1)X × SL2(F3) is spontaneously broken when the scalar fields
ΦS,Θ, Θ˜,Ψ and Ψ˜ get VEVs, and all neutrinos obtain masses at energies below the elec-
troweak scale, similar to the quarks and charged-leptons. The relevant neutrino interactions
with chiral fermions ψ = ν, S,N are given by
−Lν = 1
2
(
νcL NR SR
)


0 mTD 0
mD e
i
A1
vF MR 0
0 0 MS




νL
N cR
ScR

+ h.c. , (47)
where ν = (νe, νµ, ντ ) and N = (Ne, Nµ, Nτ ). Remark that the sterile neutrinos N
c and Sc
(which interact with only gravity) have been introduced to solve the anomaly-free condition
of U(1)× [gravity]2 and especially for N c to explain the small active neutrino masses as well
as to provide a theoretically well-motivated PQ symmetry breaking scale. In flavored PQ
models [1–4] where the scale of U(1)X group breakdown is congruent to that of heavy right-
handed Majorana neutrino, a flavored-axion is responsible for spontaneous heavy Majorana
neutrino mass generation.
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In order to eliminate the NG modes A1,2 from the neutrino Yukawa Lagrangian (47) we
transform the neutrino fields by chiral rotations under U(1)X :
N → e−iX1
A1
fa1
γ5
2 N , S → ei12X2
A2
fa2
γ5
2 S , ν → ei(X1
A1
fa1
−14X2 A2fa2 )
γ5
2 ν . (48)
In addition, since the masses of Majorana neutrino NR are much larger than those of Dirac
and light right-handed Majorana ones, after integrating out the right-handed heavy Majo-
rana neutrinos, we obtain the following effective Lagrangian for neutrinos
−La−νW ≃
1
2
νcLMννL +
1
2
MSSR S
c
R +
1
2
NRMRN
c
R +
g√
2
W−µ ℓLγ
µ νL + h.c.
− 1
2
ν i6∂ ν − 1
2
S i6∂ S − 1
2
N i6∂ N − X1
2
A1
fa1
N iγ5MRN
c
+
{
X1
2
A1
fa1
− 7X2A2
fa2
}
ν iγ5Mν ν + 6X2A2
fa2
S iγ5MS S
c , (49)
where the effective neutrino mass matrix Mν is given at leading order by
Mν ≃ −mTDM−1R mD . (50)
The X-charges of N , S, and ν correspond to XN = −X1/2, XS = 6X2, X1ν = X1/2, and
X2ν = −7X2. Here we used four-component Majorana spinors, (N c = N, Sc = S, and
νc = ν).
Let us turn to the neutrino mixing and mass. We perform basis rotations from weak to
mass eigenstates in the leptonic sector
νL → U †νPν νL , NR → U †RNR , ℓL → Pℓ ℓL , ℓR → Pℓ ℓR , (51)
where Pν and Pℓ are phase matrices of diagonal, and Uν and UR are unitary matrices chosen
so as the matrices
Mˆν = UTν P ∗νMνP ∗ν Uν = −UTν P ∗ν mTDU∗R Mˆ−1R U †RmDP ∗ν Uν , MˆR = U †RMR U∗R (52)
are diagonal. Then from the charged current term in Eq. (49) we obtain the lepton mixing
matrix
UPMNS = Uν , (53)
where Uν is the 3 × 3 PMNS mixing matrix UPMNS. The matrix UPMNS is expressed in
terms of three mixing angles, θ12, θ13, θ23, and three CP-odd phases (one δCP for the Dirac
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neutrinos and two ϕ1,2 for the Majorana neutrinos) as [21]
UPMNS =


c13c12 c13s12 s13e
−iδCP
−c23s12 − s23c12s13eiδCP c23c12 − s23s12s13eiδCP s23c13
s23s12 − c23c12s13eiδCP −s23c12 − c23s12s13eiδCP c23c13

Qν , (54)
where sij ≡ sin θij , cij ≡ cos θij and Qν = Diag(e−iϕ1/2, e−iϕ2/2, 1). Then the neutrino masses
are obtained by the transformation
UTPMNSMν UPMNS = Diag.(mν1, mν2 , mν3) . (55)
Here mνi (i = 1, 2, 3) are the light neutrino masses. As is well-known, because of the
observed hierarchy |∆m2Atm| = |m2ν3 − (m2ν1 +m2ν2)/2| ≫ ∆m2Sol ≡ m2ν2 −m2ν1 > 0 and the
requirement of a Mikheyev-Smirnov-Wolfenstein resonance for solar neutrinos [30], there are
two possible neutrino mass spectra: (i) the normal mass ordering (NO) m2ν1 < m
2
ν2
< m2ν3,
and (ii) the inverted mass ordering (IO) m2ν3 < m
2
ν1
< m2ν2. From Eqs. (54) and (55) we
see that there are nine physical observables (θ23, θ13, θ12, δCP , ϕ1, ϕ2; mν1 , mν2 , mν3). The
recent analysis based on the global fits [27–29] of the neutrino oscillations enters into a new
phase of precise determination of mixing angles and mass squared differences. In particular,
in the most recent analysis [27], global fit values and 3σ intervals for the neutrino mixing
angles and the neutrino mass-squared differences are listed in Table-III, where θ23 and δCP
have large uncertainties at 3σ.
TABLE III: The global fit of three-flavor oscillation parameters at the best-fit and 3σ level with
Super-Kamiokande atmospheric data [27]. NO = normal neutrino mass ordering; IO = inverted
mass ordering. And ∆m2Sol ≡ m2ν2 −m2ν1 , ∆m2Atm ≡ m2ν3 −m2ν1 for NO, and ∆m2Atm ≡ m2ν2 −m2ν3
for IO.
θ13[
◦] δCP [◦] θ12[◦] θ23[◦] ∆m2Sol[10
−5eV2] ∆m2Atm[10
−3eV2]
NO
IO
8.61+0.37−0.39
8.65+0.38−0.38
217+149−82
280+71−84
33.82+2.45−2.21
49.7+2.5−8.8
49.7+2.4−8.5
7.39+0.62−0.60
2.525+0.097−0.094
2.512+0.094−0.099
The current agenda of neutrino oscillation experiments are the precise measurements on
the Dirac CP-violating phase δCP and atmospheric mixing angle θ23. Based on the given
model, we explore what values of the low energy Dirac CP phase δCP and atmospheric
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mixing angle θ23 can predict a value for the mass hierarchy of neutrino (normal or inverted
mass ordering), and investigate the observables that can be tested in the current and the
next generation of experiments: a recent upper bound on the rate of 0νββ decay shows
(Mν)ee <

 0.104− 0.228 eV , (
76Ge-based experiment [31])
0.076− 0.234 eV , (136Xe-based experiment [32])
(56)
at 90% C.L, where (Mν)ee stands for the effective Majorana mass (the modulus of the ee-
entry of the effective neutrino mass matrix). Since the 0νββ decay is a probe of lepton
number violation at low energy, its measurement could be the strongest evidence for lepton
number violation at high energy. In other words, the discovery of 0νββ decay would suggest
the Majorana character of the neutrinos and thus the existence of heavy Majorana neutrinos
(via the seesaw mechanism [10]).
A. Neutrino Mixing and Masses
From the superpotential (30) with the desired VEV alignment in Eq. (16), the Majorana
neutrino mass terms in the Lagrangian (47) read
MR = M


1 + 2κ˜ e
iφ
3
+ (κ˜χ +
13
9
κ˜s e
iφ˜)∇T − κ˜ eiφ3 + 1718 κ˜s eiφ˜∇T − κ˜ e
iφ
3
+ 23
18
κ˜s e
iφ˜∇T
− κ˜ eiφ
3
+ 17
18
κ˜s e
iφ˜∇T 2κ˜ eiφ3 + 49 κ˜s eiφ˜∇T 1− κ˜ e
iφ
3
+ 7
9
κ˜s e
iφ˜∇T
− κ˜ eiφ
3
+ 23
18
κ˜s e
iφ˜∇T 1− κ˜ eiφ3 + 79 κ˜s eiφ˜∇T 2κ˜ e
iφ
3
+ 10
9
κ˜s e
iφ˜∇T

 ,(57)
where vS = κ vΘ is used and the yˆΘ in M ≡ |yˆΘvΘ/
√
2| is a rescaled factor by yˆΘ− yˆχ∇T/3,
and
κ˜ ≡ κ
∣∣∣ yˆR
yˆΘ
∣∣∣ , φ ≡ arg (yˆR/yˆΘ) , κ˜χ ≡ ∣∣∣ yˆχ
yˆΘ
∣∣∣ , κ˜s ≡ κ∣∣∣ yˆr
yˆΘ
∣∣∣ , arg(κ˜s) ≡ φ˜ . (58)
Here we set, without loss of generality, yˆΘ = 1 and arg(κ˜χ) = 0. A common factorM in MR
can be replaced by the QCD axion decay constant FA via Eq. (25) (see also Eq. (75)):
M =
∣∣∣ yˆΘ δG1
X1
∣∣∣ FA√
1 + κ2
. (59)
The additional sterile neutrino mass term readsMS = yˆs(∇Ψ)12∇T vT/
√
2, leading toMS ≃
1.27× 106 GeV for yˆs = 1 from Eqs. (46) and (76). And the Dirac mass term reads
mD = yˆν∇7Ψ


1 + 2∇Taν 0 0
0 0 1− 3
2
∇Taν
0 1− 1
2
∇Taν 0

 vu , (60)
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where aν ≡ yˆν˜/yˆν . From Eq. (52), as pointed out in Ref. [33], complex phases in mD of
Eq. (60) can always be rotated away by appropriately choosing the phases of left-handed
charged lepton fields since the phase matrix Pν accompanies the Dirac-neutrino mass matrix
mD. The mass terms of neutrinos of Eqs. (57, 60) could be corrected by a shift of the vacuum
configuration of Eq. (16). But the VEV corrections of Eqs. (B14, B21) induced by higher-
dimensional operators do not change their flavor structures.
It is expected that at leading order (i.e. in the limit ∇T → 0) the mass matrix of Eq. (50)
with Eqs. (57, 60) reflects an exact TBM [34] with their corresponding mass eigenvalues
θ13 = 0 , θ23 =
π
4
= 45◦ , θ12 = sin−1
( 1√
3
)
≃ 35.3◦
mν1 =
|yˆν |2∇14Ψ
M(1 + κ˜ eiφ)
v2u , mν2 =
|yˆν|2∇14Ψ
M
v2u , mν3 =
|yˆν|2∇14Ψ
M(1 − κ˜ eiφ)v
2
u . (61)
However, the non-zero but small value ∇T of Eq. (46) given by both the quark and charged-
lepton sectors reflects that the TBM and their mass eigenvalues in Eq. (61) for three flavors
should be corrected.
The precisely measured values of θ13, θ12, ∆m
2
Sol, and ∆m
2
Atm in Table-III can be fitted
by the higher-dimensional operators induced in the superpotential (30) by the GF symmetry
with the anomaly cancellations of both U(1)Y × [U(1)]2 and U(1)× [gravity]2, and in turn
their nontrivial contributions can give predictions on the neutrino masses, atmospheric mix-
ing angle, Dirac CP phase, and mass ordering of mass spectra. After seesawing via Eq. (50)
the effective mass matrix contains only eight physical degree of freedoms
m0 , |aν | , κ˜ , κ˜χ , κ˜s , φ , φ˜ , arg (aν) , (62)
defined at the seesaw scale M , where m0 ≡ m0(M) stands for the overall factor of Eq. (50),
m0(M) = |yˆν|2
√
1 + κ2|X1| ∇
14
Ψ v
2
u
FA |yˆΘ δG1 |
. (63)
The four measured quantities (θ12, θ13, ∆m
2
Sol, ∆m
2
Atm) among nine observables can be
used as constraints, and the rest four degree of freedoms of Eq. (62) corresponding to four
measurable quantities give their measurements and the rest one quantity is predicted among
five measurable quantities e.g. (θ23, δCP , ϕ1,2, 0νββ-decay rate).
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FIG. 1: Predictions for (Mν)ee ≡ 0νββ are shown, left upper, right upper, and left lower panel, as
function of the Dirac CP phase δCP , the sum of neutrino masses
∑
, and the atmospheric mixing
angle θ23, respectively, where the horizontal cyan-dashed (black-dotted) line indicates an upper
bound from the GERDA [31] (KamLAND-Zen [32]) Collaboration. Right lower panel represents
predictions on δCP as a function of θ23. The red crosses and blue spots correspond to NO and IO,
respectively.
B. Numerical analysis
The seesaw in Eq. (50) operates at the scale of GF symmetry breakdown while its im-
plications are measured by experiments below the electroweak scale. Therefore, quantum
corrections to their masses and mixing angles could be very crucial, especially, for degenerate
neutrino masses [35]. Moreover, in the present model since the Dirac neutrino Yukawa cou-
pling |yν| ∼ ∇7Ψ in Eq. (60) is much less than the top Yukawa coupling yˆt ≃ 1, the running of
29
the neutrino mass eigenvalues strongly depends on the top Yukawa coupling. For degenerate
mass spectra and |yν| ∼ ∇7Ψ ≪ yˆt, it is expected that the parameter spaces obtained at the
tree-level satisfying the low-energy neutrino data of Table-III are different from those by
one-loop RG running effects.
TABLE IV: Input parameter spaces and predictions for NO.
inputs/space I II III IV
m0 0.227 − 0.237 0.243 − 0.248 0.236 − 0.278 0.318 − 0.341
|aν | 0.826 − 0.877 0.768 − 0.869 0.775 − 0.853 0.737 − 0.774
κ˜ 0.453 − 0.564 0.389 − 0.423 0.490 − 0.659 0.586 − 0.646
κ˜χ 2.90− 3.23 2.81 − 3.21 2.78− 3.23 2.62 − 3.14
κ˜s 0.929 − 1.067 1.012 − 1.141 1.256 − 1.509 0.888 − 1.090
φ[◦] 284.6 − 286.7 280.7 − 282.3 77.6− 81.3 275.0 − 277.4
φ˜[◦] 284.2 − 288.6 73.2 − 74.4 273.0 − 280.9 72.0 − 74.6
arg(aν)[
◦] 60.6− 62.6 58.7 − 64.9 61.6− 64.7 60.2 − 64.0
predictions
θ23[
◦] 41.4− 41.9 46.5 − 46.9 47.1− 49.5 50.7 − 51.9
δCP [
◦]
111.6 − 116.0
291.7 − 294.4
57.7− 62.1
254.4 − 260.0
105.6 − 113.7
304.9 − 315.8
38.9− 49.0
245.0 − 247.7
(Mν)ee[eV] 0.075 − 0.080 0.080 − 0.082 0.069 − 0.082 0.095 − 0.107∑
[eV] 0.239 − 0.254 0.265 − 0.273 0.244 − 0.282 0.321 − 0.348
To obtain a truly meaningful parameter space at the scale of GF symmetry breakdown,
which satisfies the neutrino data obtained at low energy scales in Table-III, we run the
gauge 14 and Yukawa couplings from the FN scale Λ of Eq. (76) to the electroweak scale
taken to be 100 GeV∼ mZ . And in this analysis, threshold effects at either end of the
spectrum are not included. Scanning all the parameter spaces of Eq. (62) by putting the
precision constraints {θ13, θ12, ∆m2Sol, ∆m2Atm} at 3σ in Table-III with the given values of
∇T , ∇Ψ, κ in Eqs. (45, 46) and taking a value of FA = 3.57 × 1010 GeV which corresponds
14 Values of the gauge couplings at the scale of GF symmetry breakdown can be obtained by running with
the precision values extracted at the electroweak scale.
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TABLE V: Input parameter spaces and predictions for IO.
parameter/space I II
m0 0.240 − 0.254 0.146 − 0.171
|aν | 0.945 − 0.990 0.951 − 1.079
κ˜ 0.396 − 0.437 0.538 − 0.589
κ˜χ 3.00 − 3.25 1.77 − 2.93
κ˜s 0.851 − 0.957 0.543 − 0.727
φ[◦] 74.5 − 76.8 304.1 − 313.0
φ˜[◦] 288.3 − 291.8 25.7 − 43.1
arg(aν)[
◦] 47.4 − 52.6 9.0− 23.3
predictions
θ23[
◦] 42.5 − 43.0 42.0 − 42.6
δCP [
◦] 334.2 − 346.7 102.6 − 115.9
(Mν)ee[eV] 0.088 − 0.092 0.061 − 0.066∑
[eV] 0.253 − 0.272 0.162 − 0.178
to the central value of Eq. (72), we obtain the input parameter spaces at the scale of GF
breakdown for both NO and IO, leading to the predictions in Table-IV for NO and Table-V
for IO at the electroweak scale, marked as red-crosses and blue-spots in Fig. 1, respectively.
In Fig. 1, left upper, right upper, and left lower panel shows predictions for (Mν)ee ≡ 0νββ
as function of the Dirac CP phase δCP , the sum of neutrino masses
∑
, and the atmospheric
mixing angle θ23, respectively, where the horizontal cyan-dashed (black-dotted) line indicates
an upper bound in Eq. (56) from the GERDA [31] (KamLAND-Zen [32]) Collaboration. The
right lower panel in Fig. 1 stands for the predictions of δCP as a function of θ23. As can
be seen in Fig. 1, it is clear that the model will be excluded or strongly favored by future
0νββ decay searches and/or precise measurements of θ23, providing the narrow region of
predictions on δCP and mass orderings.
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VI. QCD AXION MASS FROM FLAVORED-AXIONS PROPERTIES
The direct interactions of flavored-axions with quarks and leptons arise through Yukawa
interactions in the flavored-axion framework of Eq. (2) as in Ref. [1], see Eqs. (35) and (47).
Such flavored-axion interactions with normal matter allow looking for the QCD axion in
rare decays in particle physics and stellar evolutions in astroparticle physics [36–38]. In the
present model, such coupling strengths of the flavored-axion particles with normal matter
and radiation are more strongly constrained compared with those in Refs. [3, 4] by the
anomaly cancellation conditions of both U(1)Y × [U(1)X ]2 and U(1)X × [gravity]2, which
should satisfy observations and experimental data.
The model we propose should satisfy two tight constraints coming from the active neutrino
mass Eq. (50) originated from the seesaw mechanism [10] and the flavor-violating processes
induced by the flavored-axions such as K+ → π+ + Ai [39] in particle physics. Once the
quantum number of the model, e.g. Table-I and -II, is satisfied with those constraints, one
can derive a QCD axion decay constant FA (or QCD axion mass, or equivalently seesaw scale)
and in turn, whose value should not conflict with the constraints coming from astronomical
observations of the stellar evolution.
A. Flavor-Changing process K+ → π+ +Ai induced by the flavored-axions
Since a direct interaction of the SM gauge singlet flavon fields charged under U(1)X with the
SM quarks charged under U(1)X can arise through Yukawa interaction, the flavor-changing
process K+ → π+ +Ai is induced by the flavored-axions Ai. Then, from Eqs. (22) and (36)
the flavored-axion interactions with the flavor violating coupling to the s- and d-quark is
given by
−LAisdY ≃
i
2
( |X1|A1
fa1
− |X2|A2
fa2
)
s¯d (ms −md)λ
(
1− λ
2
2
)
, (64)
where 15 V d†L ≃ VCKM, fa1 = |X1|vF , and fa2 = |X2|vg are used. Then the decay width
of K+ → π+ + Ai is given by [40, 41] Γ(K+ → π+ + Ai) = m
3
K
16π
(
1 − m2pi
m2K
)3∣∣Mdsi∣∣2 where
15 The flavor violating coupling to the s- and d-quark induced by the mixing matrix V dR is absent due to
(V dR Diag.(5
A2
vg
, 5A2
vg
, 2A1
vF
+ 5A2
vg
)V d†R )12 = 0, see Eq. (38).
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mK± = 493.677± 0.013 MeV, mπ± = 139.57061± 0.00024 MeV [21], and∣∣Mdsi∣∣2 = ∣∣∣ Xi
2
√
2δGi FA
λ
(
1− λ
2
2
)∣∣∣2 with i = 1, 2 , (65)
with FA = fai/(δ
G
i
√
2). From the present experimental upper bound Br(K+ → π+Ai) <
7.3 × 10−11 at 90% CL [39] with Br(K+ → π+νν¯) = 1.73+1.15−1.05 × 10−10 [42], we obtain the
lower limit on the QCD axion decay constant,
FA & 2.04× 1010GeV . (66)
B. QCD axion interactions with photons and electrons
The QCD axion mass ma in terms of the pion mass and pion decay constant reads [1, 2]
m2aF
2
A = m
2
π0f
2
πF (z, w) , (67)
where fπ ≃ 92.1 MeV [21] and F (z, w) = z/(1 + z)(1 + z + w) with ω = 0.315 z. Recalling
that the Weinberg value lies in 0.40 < z < 0.53 in Eq. (14). With the model predicted value
of Eq. (34) the axion-photon coupling is expressed in terms of the QCD axion mass, pion
mass, pion decay constant, z and w:
gaγγ =
αem
2π
ma
fπmπ0
1√
F (z, w)
(
E
NC
− 2
3
4 + z + w
1 + z + w
)
. (68)
The upper bound on the axion-photon coupling is derived from the recent analysis of the
horizontal branch stars in galactic globular clusters [43], |gaγγ| < 6.6×10−11GeV−1 (95%CL),
which translates into the lower bound of decay constant through Eq. (67)
FA & 1.34× 107GeV , (69)
where z = 0.47 is used. In the model the axion to photon coupling of Eq. (68) can be linked
to the active neutrino mass at seesaw scale via Eq. (63). Thus, using the values of m0(M)
in Table-IV and -V and κ,∇Ψ, tan β in Eqs. (45) and (46), we obtain
1.74× 10−14 . gaγγ [GeV−1] . 1.74× 10−12 , (70)
where 1/
√
10 . |yˆν| .
√
10 is taken into account, and which subsequently translates into
the QCD axion decay constant
5.09× 108 . FA[GeV] . 5.09× 1010 . (71)
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A narrow range of the QCD axion decay constant is derived from the bounds Eqs. (66, 71):
FA = 3.57
+1.52
−1.53 × 1010GeV . (72)
The value of this range should satisfy the constraints coming from axion cooling of stars via
bremsstrahlung off electrons e+Ze→ Ze+ e+Ai [44]. From Eq. (29) the flavored-axion A2
coupling to electrons in the model reads
gAee =
|Xe|me√
2 |δG2 |FA
with Xe = −13X2 (73)
where me = 0.511 MeV and FA = fai/
√
2 δGi with Eq. (20). We stress that the electron
quantum number of U(1)X in Eq. (73) and the value of δ
G
2 in Eq. (20) have been determined
via the anomaly cancellation conditions of both U(1)Y × [U(1)X ]2 and U(1)X× [gravity]2, as
shown in Table-I and -II. Indeed, the longstanding anomaly in the cooling of white dwarfs
(WDs) [45] and red giants branch (RGB) stars in globular clusters where bremsstrahlung
off electrons is mainly efficient [46] could be explained by the flavored axions with the fine-
structure constant of axion to electrons αAee = (0.29− 2.30)× 10−27 [47] and αAee = (0.41−
3.70)× 10−27 [48, 49] with αAee = g2Aee/4π, indicating the clear systematic tendency of stars
to cool faster than predicted. A recent reexamination of the WD Luminosity Function and
its combination with hints from the WD pulsation and RGB stars has provided bounds of
the axion-electron coupling in Refs. [44, 50]. Taking the constraint of Eq. (72) into account,
the axion-electron coupling of Eq. (73) reads
gAee = 3.29
+2.47
−0.98 × 10−14 , (74)
which lies in the 3σ bound of Ref. [50], where the central value corresponds to that of Eq. (72).
Clearly, the strongest bound on the QCD axion decay constant comes from the seesaw scale
as the common origin of active neutrino mass Eq. (59) as well as the flavor-changing process
K+ → π+ + Ai induced by the flavored-axions in Eq. (66).
C. The correlated predictions via flavored-axion’s network
Since the flavored-axion Ai couples directly to SM matter fields, direct correlations be-
tween axion interactions to the SM fields and QCD axion mass can be generically derived
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in flavored axion models [1–4]. Then we see that the QCD axion decay constant or the scale
of U(1)X group breakdown has tight correlations with the below terminology in quotes:
FA = Λ
√
2∇Ψ |X2||δG2 |
“FN scale”
=
mπ0fπ
ma
√
F (z, w) “QCD axion mass”
=
1
gAee
me |Xe|√
2 |δGi |
“axion-electron coupling”
=
1
gaγγ
αem
2π
( E
NC
− 2
3
4 + z + w
1 + z + w
)
“axion-photon coupling”
=
|Xn|mn
gAnn
“axion-neutron coupling”
=
∣∣∣
∑
C=L,R(V
d
C Ci V
d†
C )12
2
√
2 δGi
∣∣∣ {(1− m2π
m2K
)3 m3K
16πΓ(K+ → π+νν¯)
Br(K+ → π+νν¯)
Br(K+ → π+Ai)
} 1
2
“axion-kaon coupling”
=M
√
1 + κ2
∣∣∣ X1
yˆΘ δG1
∣∣∣ “see-saw scale” (see Eq. (59))
= |yˆν |2∇14Ψ v2u
√
1 + κ2|X1|
m0(M) |yˆΘ δG1 |
“active neutrino mass scale” (see Eq. (63)) (75)
where Ci = XiDiag.(Cid, Cis, Cib) is given by Eq. (38), gAnn is the QCD axion coupling to the
neutron with the neutron massmn = 939.6 MeV [21] and the axion to neutron coupling Xn =
−0.02(3) + 0.88(3) X˜d
NC
− 0.39(2) X˜u
NC
− 0.038(5) X˜s
NC
− 0.012(5) X˜c
NC
− 0.009(2) X˜b
NC
− 0.0035(4) X˜t
NC
with X˜q = δ
G
2 X1q + δ
G
1 X2q (q = u, c, t, d, s, b) which can be extracted at high precision [51],
and the active neutrino mass scale m0(M) is defined at the seesaw scale M . In contrast
with the scenario in Refs. [3, 4], the above correlated relations mean that QCD axion mass
(or the scale of PQ symmetry breakdown FA, or equivalently seesaw scale M , or FN scale
Λ) is automatically predicted due the assigned quantum numbers in Table-VI, -I, and -
II once either of axion-electron coupling, axion-photon coupling, axion-neutron coupling,
Br(K+ → π+Ai), and active neutrino mass scale m0(M) is fixed by experiments and/or
observations. And the value of gaγγ is fixed by the value of E/NC in the model via the
anomaly-free conditions of both U(1)Y × [U(1)X˜ ]2 and U(1)X˜ × [gravity]2, see Eq. (34). The
QCD axion coupling to photon gaγγ divided by the QCD axion mass ma is dependent on
E/NC . Fig. 2 shows the E/NC dependence of (gaγγ/ma)
2 so that the experimental limit is
independent of the axion massma [1], where the cyon-band curve stands for the uncertainties
of the value of z in Eq. (14) while the solid black curves for z = 0.47. The gray-band
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FIG. 2: Plot of (gaγγ/ma)
2 versus E/NC for z = 0.47 (black curve) and 0.40 < z < 0.53
(cyon-band curve). The gray-band represents the experimentally excluded bound (gaγγ/ma)
2 ≤
1.44 × 10−19GeV−2 eV−2 from ADMX [52, 53]. The horizontal red line, and blue dashed line
stand for (gaγγ/ma)
2 = 1.98 × 10−20GeV−2 eV−2 for E/NC = 8/3 and 1.84 × 10−19GeV−2 eV−2
for E/NC = 0, respectively, for z = 0.47. Yellow band represents the model prediction of
(gaγγ/ma)
2 = 1.98+0.08−0.14 × 10−20GeV−2 eV−2 for E/NC = 8/3 and 0.40 < z < 0.53.
represents the experimentally excluded ADMX (Axion Dark Matter eXperiment) bound
(gaγγ/ma)
2
ADMX ≤ 1.44 × 10−19GeV−2 eV−2 [52]. The horizontal blue dashed and red lines
stand for (gaγγ/ma)
2 = 1.84 × 10−19GeV−2 eV−2 for E/NC = 0 (KSVZ model [24]), and
1.98 × 10−20GeV−2 eV−2 for E/NC = 8/3 (DFSZ model [23] and Eq. (34) predicted in the
present model), respectively, for z = 0.47. For the updated Weinberg value Eq. (14), clearly,
the value of (gaγγ/ma)
2 = 1.98+0.08−0.14×10−20GeV−2 eV−2 for the present model of E/NC = 8/3
(yellow-band) is located much lower than that of the ADMX bound, while the KSVZ model
of E/NC = 0 (blue dotted line) lies in (gaγγ/ma)
2 = (1.55 − 2.24) × 10−20GeV−2 eV−2
showing that its model is excluded by the ADMX bound (gray band).
From Eqs. (46) and (72) the scale Λ responsible for the FN mechanism is obtained through
the flavor structure parameters in Eq. (39) (see also Eq. (13)),
Λ = 1.94+0.83−0.83 × 1011GeV . (76)
Plugging Eq. (72) into Eq. (75) the QCD axion mass is predicted for z = 0.47 (whose Wein-
berg value is well in good agreement with the result in Sec. IVC), and subsequently its
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corresponding couplings of axion-photon and -neutron are obtained:
ma = 1.52
+1.14
−0.46 × 10−4 eV ⇔ |gaγγ | = 2.15+1.61−0.64 × 10−14GeV−1
⇔ |gAnn| = 1.87+1.41−0.56 × 10−11 . (77)
The new plasma-based axion detector suggested by Ref. [54] can test this prediction for axion
mass. Its corresponding Compton wavelength of axion oscillation is λa = (2π6h/ma)c with
c ≃ 2.997× 108m/s and6h ≃ 1.055× 10−34 J · s:
λa = 8.16
+3.54
−3.50mm . (78)
Note here that, considering 0.40 < z < 0.53 for the given axion decay constant in Eq. (72),
the range of |gaγγ | (e.g. Eq. (77)) becomes wider than that for z = 0.47, see Fig. 3. The value
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FIG. 3: Plot of |gaγγ | versus ma for KSVZ (slanted blue-dotted line), DFSZ (slanted black-dashed
line), and the model (“localized” slanted red line) in terms of E/NC = 0, 8/3, and 8/3, respectively.
Especially, the QCD axion mass ma = 1.52
+1.14
−0.46×10−4 eV (vertical black-dashed lines) corresponds
to the axion photon coupling |gaγγ | = 2.15+1.61−0.64 × 10−14GeV−1 (cyan band), predicted in Eq. (77).
Vertical black-dotted and horizontal red-dotted lines correspond to the central values of ma and
|gaγγ |, respectively.
of axion-neutron coupling in Eq. (77) is located in one order of magnitude lower than that
of the hint for extra cooling from the neutron star in the supernova remnant “Cassiopeia
A” by axion neutron bremsstrahlung, gAnn = 3.74
+0.62
−0.74 × 10−10 [55]. This discrepancy may
37
be explained by considering other means in the cooling of the superfluid core in the neutron
star [56]. Interestingly, the NA62 experiment is expected to reach the sensitivity of Br(K+ →
π+ + Ai) < 1.0 × 10−12 in the near future [57], which is interpreted as the flavored-axion
decay constants Fai with i = 1, 2 (see Eq. (23)) and its corresponding QCD axion decay
constant FA > 1.74× 1011 GeV. Hence, it is clear that the NA62 experiment will probe the
flavored-axions or exclude the present model.
Fig. 3 shows the plot for the axion-photon coupling |gaγγ | as a function of the axion
mass ma in terms of anomaly values E/NC = 8/3 for our model (and DFSZ) and 0 for
KSVZ, respectively. Unlike the prediction of DFSZ model on the plot of |gaγγ | versus ma,
our model prediction on the plot has a localized line, see the red-line of Fig. 3. Especially,
in the model with FA = 3.57
+1.52
−1.53 × 1010 GeV in Eq. (72) we obtain the QCD axion mass
ma = 1.52
+1.14
−0.46 × 10−4 eV and the axion photon coupling |gaγγ| = 2.15+1.61−0.64 × 10−14GeV−1
(cyan band) for z = 0.47. As the upper bound on Br(K+ → π++Ai) gets tighter, the range
of the QCD axion mass gets narrower, and consequently the corresponding bandwidth on
|gaγγ | in Fig. 3 is getting narrower. In Fig. 3, the top of the band comes from the upper
bound on Br(K+ → π++Ai), while the bottom of the band is from the constraints of active
neutrino mass shown in Table-IV and -V induced by the seesaw mechanism.
VII. CONCLUSION
Motivated by the unsolved theoretical and cosmological issues under the SM, we have
started with an undisputed ansatz “all elementary fields that make up the Universe are
charged under the gauge group G0 = Gf × GSM”, where Gf stands for a newly introduced
gauge group containing (non)-Abelian symmetry as a copy of SM gauge system GSM =
SU(3)C×SU(2)L×U(1)Y . Finding a new mathematical structure leads to the development
of a new physical framework and where that framework describes the Universe.
In a flavored-axion framework where U(1) flavored-PQ symmetry is embedded in non-
Abelian finite group [1–4], we have studied the reasonable requirements of two anomalous
U(1)s for the anomaly cancellations of both U(1)-mixed gravity and U(1)Y × [U(1)]2 which
in turn determine the U(1)Y charges uniquely. And we have argued that axion-induced
topology in symmetry-broken phases plays crucial roles in describing how quarks and leptons
are organized at a fundamental level and make deep connections with each other. Since the
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particle content of low energy theories is constrained under the GF ×GSM group where GF
is a subset of the gauge group Gf , the anomaly cancellations of both U(1)-mixed gravity
and U(1)Y × [U(1)]2 should be canceled by enlarging particle content together with another
U(1) contribution. In such a flavored-axion framework, the seesaw and PQ mechanisms are
naturally triggered.
We then have proposed an explicit model sewed by the flavor symmetry group GF =
SL2(F3)×U(1)X , where U(1)X ≡ U(1)X1 ×U(1)X2 , by taking the anomaly cancellations of
both U(1)-mixed gravity and U(1)Y × [U(1)]2 into account. In modeling both the ADMX
experimental bound and updated Weinberg value of Eq. (14) are considered, leading to a
constraint 0 < E/NC < 4 in Eq. (14). Flavored-axion interactions with normal matter and
the masses and mixings of fermions emerge from the spontaneous breaking of the flavor
symmetry. We have shown a whole spectrum of quarks and leptons in the new parameter-
ization way via Eqs. (13, 39), see also Refs. [3, 4], and the model prediction E/NC = 8/3
with four axionic domain-walls. Consecutively, we have shown how the neutrino sector could
be tightly connected to the quark and charged-lepton sectors where the flavored-seesaw is
referred to as the seesaw that makes several parameters compact in the flavored-axion frame-
work, showing that the higher-order corrections do not change its flavor structure. We have
explored numerically, by taking into account the quantum corrections of the Yukawa matrix
between the cut-off scale Λ and the weak scale, what values of CP phase δCP , atmospheric
mixing angle θ23, and effective Majorana neutrino mass 0νββ-decay rate can be predicted
through RG running effects, as shown in Table-IV and -V for normal mass ordering and
inverted one, respectively.
Finally, we have shown that the fundamental physical parameters, QCD axion decay
constant FA, FN scale Λ, and see-saw scale M , can be predicted due to Eq. (2) and the
quantum numbers of Table-VI, -I, and -II since they are complementary to each other, see
Eq. (75): Once a scale of active neutrino mass defined at a seesaw scale is fixed by the com-
mensurate U(1) flavored-PQ charges of fermions, that of FA is determined, and vice versa.
Moreover, their related physical observables are precisely determined by precision flavor ex-
periments and astrophysical observations. The quantum numbers in Table-VI, -I, and -II
predicts a well-constrained QCD axion mass with the help of both flavor changing process
K+ → π+ +Ai induced by the flavored-axions and the active neutrino mass induced by the
seesaw mechanism in particle physics. Model predictions are shown on the characteristics
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of flavored-axions: FA = 3.57
+1.52
−1.53 × 1010 GeV corresponds to Λ = 1.94+0.83−0.83 × 1011GeV
(consequently, QCD axion mass ma = 1.52
+1.14
−0.46 × 10−4 eV, axion to electron coupling
gAee = 3.29
+2.47
−0.98×10−14, axion to photon coupling |gaγγ| = 2.15+1.61−0.64×10−14GeV−1, axion to
neutron coupling |gAnn| = 1.87+1.41−0.56×10−11, and its Compton wavelength λa = 8.16+3.54−3.50mm,
where we have used z = 0.47 whose value is consistent with the numerical one calculated in
the quark sector, see Sec. IVC.).
Future searches of 0νββ decay and/or flavor-changing rare processes such as K+ →
π+ + Ai, as well as precise measurements of θ23 and/or axion to electron coupling, will
exclude or favor the example model.
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Appendix A: Flavon and driving fields configurations and vacuum configuration at
leading order
Let us consider how the desired vacuum configuration for a compact description of the
quark and lepton mixings and masses could be derived. The representations of the field
TABLE VI: Representations of the driving, flavon, and Higgs fields, respectively, under SL2(F3)×
U(1)X × U(1)R where U(1)X ≡ U(1)X1 × U(1)X2 .
Field ΦT0 Φ
S
0 Θ0 Ψ0 η0 ΦS ΦT Θ Θ˜ Ψ Ψ˜ η Hd Hu
SL2(F3) 3 3 1 1 2
′′ 3 3 1 1 1 1 2′ 1 1
U(1)X 0 −2X1 −2X1 0 0 X1 0 X1 X1 X2 −X2 0 0 0
U(1)R 2 2 2 2 2 0 0 0 0 0 0 0 0 0
U(1)Y 0 0 0 0 0 0 0 0 0 0 0 0 −12 12
contents, summarized in Table-VI, under GF = SL2(F3) × U(1)X × U(1)R are as follows.
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Apart from the usual two Higgs doublets Hu,d responsible for electroweak symmetry break-
ing, which are invariant under SL2(F3) (i.e. flavor singlets 1), the scalar sector is extended
via two types of new scalar multiplets, flavon fields ΦT ,ΦS,Θ, Θ˜, η,Ψ, Ψ˜ that are SM gauge
singlets and driving fields ΦT0 ,Φ
S
0 , η0,Θ0,Ψ0 that are to break the flavor group along required
VEV directions and to allow the flavons to get VEVs, which couple only to the flavons: we
take the flavon fields ΦT ,ΦS to be SL2(F3) triplets, η to be a SL2(F3) doublet (2
′ represen-
tation), and Θ, Θ˜,Ψ, Ψ˜ to be SL2(F3) singlets (1 representation), respectively, that are SM
gauge singlets, and driving fields ΦT0 ,Φ
S
0 to be SL2(F3) triplets, η0 to be a SL2(F3) doublet
(2′′ representation) and Θ0,Ψ0 to be SL2(F3) singlets.
The flavon fields {ΦS,Θ, Θ˜} have X1 charge, and {ΦS0 ,Θ0} have −2X1 charge under
U(1)X1 ; the field Ψ (Ψ˜) is X2(−X2) charged under U(1)X2 . For vacuum stability and a
desired vacuum alignment solution, we enforce {ΦT , η} to be neutral under U(1)X . And the
others Hu,d, Φ
T
0 , η0, and Ψ0 are neutral under U(1)X . Moreover, the superpotential W in the
theory is uniquely determined by the U(1)R symmetry, containing the usual R-parity as a
subgroup: {matter fields→ eiξ/2matter fields} and {driving fields→ eiξ driving fields},
withW → eiξW , whereas flavon and Higgs fields remain invariant under an U(1)R symmetry.
As a consequence of the R symmetry, the other superpotential term καLαHu and the terms
violating the lepton and baryon number symmetries are not allowed. Besides, dimension 6
supersymmetric operators like QiQjQkLl (i, j, k must not all be the same) are not allowed
either, and stabilizing proton. Here the global U(1) symmetry is a remnant of the broken
U(1) gauge symmetry which can connect string theory with flavor physics [2, 5].
The superpotential dependent on the driving fields having U(1)R charge 2, which is
invariant under GSM × U(1)X × SL2(F3), is given at leading order by
Wv = Φ
T
0 (µTΦT + gT1ΦTΦT + gT2ηη) + Φ
S
0 (gS1ΦSΦS + gS2Θ˜ΦS)
+ Θ0(gΘ1ΦSΦS + gΘ2ΘΘ+ gΘ3ΘΘ˜ + gΘ4Θ˜Θ˜)
+ Ψ0{gΨ1ΨΨ˜ + gΨ2ΦTΦT − µ2Ψ}+ η0(µηη + gηηΦT ) + ... , (A1)
where dots stand for the higher-dimensional operators of Eq. (B1), µi=T,Ψ,η are dimensional
parameters, and gTi,Si,Θi,Ψi,η are dimensionless coupling constants. At this level there is no
fundamental distinction between the Θ field and Θ˜ in the superpotential Wv so that the
field Θ˜ is defined as the combination that couples to (ΦS0ΦS) [58].
It is important to show a non-trivial vacuum configuration at leading order for flavor
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physics. In supersymmetric (SUSY) limit, the vacuum configuration is obtained by the F -
terms of all fields being required to vanish. The vacuum alignments of the flavons ΦT and
η are determined by
∂Wv
∂ΦT01
= µT ΦT1 +
2gT1
3
(
Φ2T1 − ΦT2ΦT3
)
+ igT2 η
2
1 = 0 ,
∂Wv
∂ΦT02
= µT ΦT3 +
2gT1
3
(
Φ2T2 − ΦT1ΦT3
)
+ gT2 (1− i)η1η2 = 0 ,
∂Wv
∂ΦT03
= µT ΦT2 +
2gT1
3
(
Φ2T3 − ΦT1ΦT2
)
+ gT2 η
2
2 = 0 , (A2)
∂Wv
∂η01
= µη η2 +
5gη
6
(1− i
2
η2ΦT1 + iη1ΦT3
)
= 0 ,
∂Wv
∂η02
= −µη η1 + 5gη
6
(1− i
2
η1ΦT1 + iη2ΦT2
)
= 0 . (A3)
From this set of five equations, we can obtain the supersymmetric vacua for ΦT and η
〈ΦT 〉 =
( vT√
2
, 0, 0
)
, with µT = −gT1
√
2
3
vT − i gT2√
2
v2η
vT
,
〈η〉 =
(
± vη√
2
, 0
)
, with µη = gη
vT√
2
5(1− i)
12
, (A4)
where gT1,2 and gη are dimensionless couplings, and vT and vη are not determined. And the
minimization equations for the vacuum configuration of ΦS and (Θ, Θ˜) are given by
∂Wv
∂ΦS01
=
2gS1
3
(ΦS1ΦS1 − ΦS2ΦS3) + gS2ΦS1Θ˜ = 0 ,
∂Wv
∂ΦS02
=
2gS1
3
(ΦS2ΦS2 − ΦS1ΦS3) + gS2ΦS3Θ˜ = 0 ,
∂Wv
∂ΦS03
=
2gS1
3
(ΦS3ΦS3 − Φ1ΦS2) + gS2ΦS2Θ˜ = 0 ,
∂Wv
∂Θ0
= gΘ1 (ΦS1ΦS1 + 2ΦS2ΦS3) + gΘ2Θ
2 + gΘ3ΘΘ˜ + gΘ4Θ˜
2 = 0 . (A5)
From the above set of four equations we can get the supersymmetric vacua for the fields
ΦS,Θ, Θ˜:
〈ΦS〉 = 1√
2
(vS, vS, vS) , 〈Θ〉 = vΘ√
2
, 〈Θ˜〉 = 0 , with vΘ = vS
√
−3gΘ1
gΘ2
, (A6)
where vΘ is undetermined. The flat direction 〈Θ˜〉 = 0 is guaranteed by adding to the scalar
potential a soft SUSY breaking mass term for the scalar field Θ˜ with m2
Θ˜
> 0. The VEVs
vΘ and vS are naturally of the same order of magnitude (the dimensionless parameters gΘ1
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and gΘ2 are the same order of magnitude) and its flat direction is simply parametrized as
vS/vΘ = κ. Finally, the minimization equation for the vacuum configuration of Ψ(Ψ˜) is
given by
∂Wv
∂Ψ0
= gΨ1ΨΨ˜ + gΨ2(Φ
2
T1
+ 2ΦT2ΦT3)− µ2Ψ = 0 , (A7)
where gΨi are dimensionless couplings. From the above equation together with Eq. (A4) we
can get the supersymmetric vacua for the fields Ψ, Ψ˜:
〈Ψ〉 = 〈Ψ˜〉 = vΨ√
2
, with µΨ =
√
gΨ1v
2
Ψ + gΨ2v
2
T
2
. (A8)
The scale of dimensionful parameters µT , µη and µΨ roughly lies in the same order of scale
of the GF symmetry breakdown due to the associated dimensionless parameters being order
of unity.
Appendix B: Higher order corrections
Considering higher-dimensional operators induced by ΦT ,ΦS,Θ,Ψ, Ψ˜, η invariant under
SL2(F3) × U(1)X in the driving superpotential Wv, which are suppressed by additional
powers of the cut-off scale Λ, they can lead to small deviations from the leading order
vacuum configurations of Eq. (16). The next leading order superpotential δWv, which is
linear in the driving fields and invariant under SL2(F3)× U(1)X × U(1)R, is given by
δWv =
1
Λ
{ 3∑
i=1
aiI
T
i +
6∑
i=1
biI
S
i +
2∑
i=1
ciI
Θ
i +
2∑
i=1
diI
Ψ
i +
3∑
i=1
eiI
η
i
}
(B1)
with the dimensionless parameters ai, bi, ci, di, ei and
IT1 = (Φ
T
0ΦTΦTΦT )1 , I
T
2 = (Φ
T
0ΦTΨΨ˜)1 , I
T
3 = (Φ
T
0ΦTηη)1 , (B2)
IS1 = (Φ
S
0ΦTΦSΦS)1 , I
S
2 = (Φ
S
0ΦTΦSΘ)1 , I
S
3 = (Φ
S
0ΦTΦSΘ˜)1 ,
IS4 = (Φ
S
0ΦTΘΘ)1 , I
S
5 = (Φ
S
0ΦTΘΘ˜)1 , I
S
6 = (Φ
S
0ΦT Θ˜Θ˜)1 , (B3)
IΘ1 = (Θ0ΦTΦSΦS)1 , I
Θ
2 = (Θ0ΦTΦSΘ˜)1 , (B4)
IΨ1 = (Ψ0ΦTΦTΦT )1 , I
Ψ
2 = (Ψ0ΦT ηη)1 , (B5)
Iη1 = (η0ηηη)1 , I
η
2 = (η0ηΦTΦT )1 , I
η
3 = (η0ηΨΨ˜)1 . (B6)
The corrections to the VEVs, Eq. (16), are of relative order 1/Λ and affect the flavon fields
ΦS, ΦT , Θ, Θ˜, η and Ψ, and the vacuum configuration can be modified with relations among
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the dimensionless parameters (a1...a3, b1...b6, c1, c2, d1, d2, e1...e3). The corrected minimum
for the flavon fields ΦT , Θ, Θ˜, η, Ψ, and ΦS is obtained by searching for the vanishing of
the F terms, the first derivatives of Wv + δWv, associated to the driving fields Φ
T
0 ,Θ0,Ψ0,
η0, and Φ
S
0 :
〈ΦT 〉 =
(
vT√
2
+ δvT1 , δvT2, δvT3
)
, 〈η〉 =
(
vη√
2
+ δvη1 , δvη2
)
, 〈Ψ〉 = vΨ√
2
+ δvΨ,
〈ΦS〉 =
(
vS√
2
+ δvS1 ,
vS√
2
+ δvS2,
vS√
2
+ δvS3
)
, 〈Θ〉 = vΘ√
2
+ δvΘ, 〈Θ˜〉 = δvΘ˜ (B7)
with µT = −gT1
√
2
3
vT − igT2√2
v2η
vT
, µη = gη
vT√
2
5(1−i)
12
, vΘ = vS
√
−3 gΘ1
gΘ2
, and µΨ =
√
gΨ1v
2
Ψ
+gΨ2v
2
T
2
in Sec. IIIA. By keeping only the first order in the expansion, we obtain the minimization
equations: For ΦT , Θ, Ψ and η fields,
δvT1 T11 + δvη1 T12 + δvΨ T13 = T vT ,
δvT3 T21 + δvη2 T22 = 0 ,
δvT2 = 0 , (B8)
δvT1P11 + δvη1P12 + δvΨP13 = P vT , (B9)
δvT3E11 + δvη2E12 = 0 ,
δvT1E21 + δvη1E22 + δvΨE23 = E vη , (B10)
where the parameters T, Tij , P, Pij, E, Eij are dimensionless:
T11 =
√
2
3
gT1 − igT2√2 (
∇η
∇T )
2 + 3a1√
2
∇T + a2√2
∇2
Ψ
∇T +
a3(1−i)√
2
∇2η
∇T ,
T12 = i
√
2gT2
∇η
∇T +
√
2(1− i)a3∇η , T13 = a2
√
2∇Ψ ,
T21 = −2
√
2
3
gT1 − igT2√2 (
∇η
∇T )
2 + a17
3
√
2
∇T + a2√2
∇2
Ψ
∇T , T22 =
gT2 (1−i)√
2
∇η
∇T +
√
2a3∇η ,
T = −1
2
{
a1∇T + a2∇
2
Ψ
∇T + (1− i)a3
∇2η
∇T
}
, (B11)
P11 =
√
2gΨ2 +
√
2d1∇T + i√2d2
∇2η
∇T , P12 = i
√
2d2∇η , P = −d13 ∇T − id22
∇2η
∇T , (B12)
E11 = gη
5i
6
√
2
∇η
∇T − e2 i
√
2
3
∇η , E12 = gη 5(1−i)6√2 − e2
√
2(2+i)
6
∇T + e1 3(1+i)
√
2
4
∇2η
∇T ,
E21 = gη
5(1−i)
12
√
2
+ e2
(4−i)√2
3
∇T , E22 = e1 3
√
2(1+i)
4
∇η + e2 (4−i)
√
2
6
∇2T
∇η + e3
1√
2
∇2
Ψ
∇T ,
E23 = e3
√
2∇Ψ , E = −e1 1+i4 ∇η − e2 3−2i2
∇2T
∇η − e3
∇2
Ψ
2∇η . (B13)
From the above set of equations we obtain δvT2 = δvT3 = 0 and δvη2 = 0, and there remain
three equations for three unknown parameters δvT1 , δvη1 , and δvΨ. One can obtain the
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modified vacuum configurations
〈ΦT 〉 →
(
vT√
2
+ δvT1 , 0, 0
)
, 〈η〉 →
(
± vη√
2
+ δvη1 , 0
)
, 〈Ψ〉 → vΨ√
2
+ δvΨ . (B14)
For Θ and ΦS fields,
δvS1Θ11 + (δvS2 + δvS3)Θ12 + δvΘΘ13 + δvΘ˜Θ14 = 0 , (B15)
δvS1 S11 + (δvS2 + δvS3)S12 + δvΘ S17 + δvΘ˜ S18 = Sa vS − δvT1 S14 ,
δvS1 S21 + δvS2 S22 + δvS3 S23 + δvΘ S27 + δvΘ˜ S28 = Sb vS − δvT1 S24 ,
δvS1 S31 + δvS2 S32 + δvS3 S33 + δvΘ S37 + δvΘ˜ S38 = Sc vS − δvT1 S34 , (B16)
where the dimensionless parameters Θij are given by
Θ11 = gΘ1 + c1
2
√
2
3
∇T , Θ12 = gΘ1 − c1
√
2
3
∇T ,
Θ13 = gΘ2
√
2
κ
, Θ14 = gΘ3
1
κ
√
2
, (B17)
S11 =
2
√
2
3
gS1 + gS2
1
κ
√
2
+ b1
5
√
2
3
∇T + b2
√
2
3κ
∇T ,
S12 = −
√
2
3
gS1 + b1
2
√
2
3
∇T , S17 = gS2 1√2 + b2
√
2
3
∇T + b4
√
2
κ
∇T ,
S18 = gS2
1√
2
+ b3
√
2
3
∇T + b5 1κ√2∇T , S14 =
√
2∇S
(
b1
3
2
+ b2
1
3κ
+ b4
1
2κ2
)
,
Sa = −gS2 12κ − b1 32∇T − b2 13κ∇T − b4 12κ2∇T , (B18)
S21 = −
√
2
3
gS1 + b1
√
2∇T , S22 = 2
√
2
3
gS1 + b1
√
2∇T ,
S23 = −
√
2
3
gS1 + gS2
1
κ
√
2
+ b1
√
2∇T + b2 16√2κ∇T ,
S27 =
1√
2
gS2 + b2
√
2
12
∇T , S28 = 1√2gS2 − b3 5
√
2
12
∇T , S24 = ∇S
(
b1
3√
2
+ b2
1
6
√
2κ
)
,
Sb = −gS2 12κ − b1 32∇T − b2 112κ∇T , (B19)
S31 = −
√
2
3
gS1 + b1
4
√
2
3
∇T ,
S32 = −
√
2
3
gS1 + gS2
1√
2κ
+ b1
4
√
2
3
∇T − b2 56√2κ∇T ,
S33 =
2
√
2
3
gS1 + b1
√
2
3
∇T , S37 = 1√2gS2 − b2 5
√
2
12
∇T , S37 = 1√2gS2 + b2
√
2
12
∇T ,
S34 = ∇S
(
b1
3√
2
− b2 56√2κ
)
,
Sc = −gS2 12κ − b1 32∇T − b2 512κ∇T , (B20)
where 1/κ =
√−3gΘ1/gΘ2 is used. Taking δvS2 = −δvS3 , four equations in Eqs. (B15, B16)
have four unknown parameters δvS1,2,3 , δvΘ and δvΘ˜. Then one obtains
〈ΦS〉 →
(
vS√
2
+ δvS1 ,
vS√
2
+ δvS2,
vS√
2
− δvS2
)
, 〈Θ〉 → vΘ√
2
+ δvΘ , 〈Θ˜〉 → δvΘ˜ .(B21)
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Given the values for ∇Q with Q = η, S, T,Θ,Ψ in Eq. (46), one can expect that the shifts
|δvΘ˜|/vΘ, |δvΘ|/vΘ, |δvSi|/vS, |δvTi|/vT , |δvηi|/vη, |δvΨ|/vΨ can be kept small enough, below a
few percent level. The crucial thing about the new VEVs of Eqs. (B14, B21) is that they do
not change the flavor structures of quark and lepton in Eqs. (36, 37, 43, 57, 60).
Appendix C: Quark masses and Mixings
Form the up-type quark mass matrix of Eq. (37) its left-handed mixing matrix V uL reads
at leading order
V uL =


1− 1
2
θ2u θu e
iφu 0
−θu e−iφu 1− 12θ2u 0
0 0 1

 +O(θ3u) , (C1)
where θu ≃ |(Mu)21|/|(Mu)22| = κ√2
|yˆ∗u|
|yˆc+ 1−i2 yˆc˜∇T |
∇Θ∇Ψ and φu = π/8+ 12 arg(yˆ∗u)+ 12 arg(yˆc+
1−i
2
yˆc˜∇T ). Then the up-type quark masses are simply written in a good approximation by
mt = |yˆt|vu ,
mc =
∣∣yˆc + yˆc˜1− i
2
∇T
∣∣(1 + 2θ2u)∇η∇7Ψ vu +O(θ3u)vu ,
mu =
∣∣iyˆuκ + iyˆu˜∇T − yˆu¯∇2η∇Θ∇8Ψ∇η vu +O(θ3u)vu . (C2)
Form the down-type quark mass matrix of Eq. (36) its left-handed mixing matrix V dL reads
in the parametrization of Ref. [25] at leading order
V dL =


1− 1
2
λ˜2 λ˜ eiφ
d
3 Bdλ˜
3 eiφ
d
2
−λ˜ e−iφd3 1− 1
2
λ˜2 Adλ˜
2 eiφ
d
1
λ˜3(Ad e
−i(φd
1
+φd
3
) − Bd e−iφd2) −Adλ˜2 e−iφd1 1

 +O(λ4) , (C3)
where we have set θd12 ≡ λ˜, θd13 ≡ Bdλ˜3 and θd23 ≡ Adλ˜2 with λ˜ ≈ λ, and its corresponding
mixing angles are expressed in a good approximation as
θd12 =
κ√
2
∣∣∣ yˆ∗d
yˆs
∣∣∣ ∣∣∣X2δG1
X1δG2
√
2
1 + κ2
∣∣∣ ,
θd23 = κ
|3κYˆs + Yˆs˜∇T |
|yˆb|
∣∣∣X2δG1
X1δG2
√
2
1 + κ2
∣∣∣2∇5Ψ ,
θd13 = κ
|3κYˆ ∗d + Yˆ ∗d˜∇T |
|yˆb|
∣∣∣X2δG1
X1δG2
√
2
1 + κ2
∣∣∣3∇5Ψ , (C4)
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recalling that Yˆd˜ = Yˆd1 + 3κ
2Yˆd2 with |Yˆdi| ∼ O(1). Subsequently, the down-type quark
masses are obtained in a good approximation as
mb = |yˆb| ∇2Ψ vd , ms = |yˆs| ∇5Ψ∇η vd , md = 2κ |yˆd cosφd|∇Θ∇4Ψ∇η vd , (C5)
where ∇T = κ
∣∣yˆd/yˆd˜∣∣ and φd˜ = −φd with arg(yˆi) = φi (i = d, d˜) are used for fitting the
empirical results in Ref [21]. And the ratio of electroweak Higgs field VEVs 〈Hu〉/〈Hd〉 is
approximately given in terms of the PDG value by tan β ≃ (mt/mb)PDG|yˆb/yˆt| ∇2Ψ. Setting
φu = φ
d
3 and redefining the quark fields c → ei(φd3+π) c, t → ei(φd1+φd3) t, s → ei(φd3+π) s, and
b→ ei(φd1+φd3) b, we obtain
VCKM =


1− 1
2
λ˜2 + θuλ˜ λ˜− θu λ˜3(Ad −Bd e−i(φd1−φd2+φd3))
θu − λ˜ 1− 12 λ˜2 + θuλ˜ Adλ˜2 +Bdλ˜4 e−i(φ
d
1
−φd
2
+φd
3
)
Bdλ˜
3 ei(φ
d
1
−φd
2
+φd
3
) −Adλ˜2 1

+O(θ2u; θuλ˜2),(C6)
where θu can be rewritten with the help of θ
d
12 in Eq. (C4) as θu ≃ λ˜ xu with xu =
∇2Ψ (|yˆ∗u|/|yˆc + 1−i2 yˆc˜∇T |)(|yˆs|/|yˆ∗d|). In order to obtain the CKM matrix in the Wolfen-
stein parametrization [59] we redefine Ad ≡ A, Bd ≡ A
√
ρ2 + η2, and λ˜− θu ≡ λ. Then the
CKM CP phase is given by
δqCP ≡ φd1 − φd2 + φd3 = tan−1 (η/ρ) , (C7)
where each φdi is expressed in terms of the components of Yukawa matrices Eqs. (36, 37)
φd1 =
1
2
arg(3Yˆ ∗s κ+ Yˆ
∗
s˜ ∇T ) ,
φd2 ≃
1
2
arg(3Yˆ ∗d κ+ Yˆ
∗
d˜
∇T )− φd1/2 ,
φd3 ≃
1
2
arg(yˆ∗dyˆs) + φ
d
1/2− φd2/2 + π/8 , (C8)
with 16 φd3 = φu in Eq. (C1); without loss of generality, we have set arg(yˆb) = 0. For xu . λ
2
the CKM matrix reads
VCKM =


1− 1
2
λ2 λ Aλ3(ρ− iη)
−λ 1− 1
2
λ2 Aλ2
Aλ3(1− ρ− iη) −Aλ2 1

+O(λ4) , (C9)
16 The condition φd
3
= φu connects the phases of up- and down-type quark Yukawa couplings, i.e., arg(yˆc +
1−i
2
yˆc˜∇T )+ arg(yˆ∗u)− arg(yˆ∗d yˆs) = 34 arg(3Yˆ ∗s κ+ Yˆ ∗s˜ ∇T )− 12 arg(3Yˆ ∗d κ+ Yˆ ∗d˜ ∇T ) in a good approximation,
reproducing the empirical results of quark masses and their mixing angles and a CP phase. See Sec. IVC.
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in the Wolfenstein parametrization 17 [59] and at higher precision [61], where λ =
0.22475+0.00106−0.00018, A = 0.840
+0.016
−0.043, ρ¯ = ρ/(1 − λ2/2) = 0.158+0.036−0.020, and η¯ = η/(1 − λ2/2) =
0.349+0.029−0.025 with 3σ errors [26]. Their corresponding current best-fit values in the standard
parameterization [62] read in the 3σ range [26]
θq23[
◦] = 2.430+0.054−0.118 , θ
q
13[
◦] = 0.215+0.017−0.012 , θ
q
12[
◦] = 12.988+0.068−0.011 , δ
q
CP [
◦] = 65.8+2.9−5.5 .(C10)
17 Equivalently, it could be expressed as the Qin-Ma parametrization [60]
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